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Abstract

Building upon the dynamic programming principle for
set-valued functions arising from many applications, in this
paper we propose a new notion of set-valued PDEs. The key
component in the theory is a set-valued Itd6 formula, char-
acterizing the flows on the surface of the dynamic sets. In
the contexts of multivariate control problems, we establish
the wellposedness of the set-valued HIB equations, which
extends the standard HIB equations in the scalar case to the
multivariate case. As an application, a moving scalarization
for certain time inconsistent problems is constructed by us-
ing the classical solution of the set-valued HJB equation.
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1 Introduction
In this paper we consider set-valued functions taking the form:
V:[0,7] xR? — 2R™,

That is, for each (¢,x) € [0, T] x R?, the value V (¢, x) is a subset of R satisfying appropriate
properties. Such set-valued functions, or their variants, have appeared in many applications, for ex-
ample, stochastic viability problems (cf. Aubin-Da Prato [2]), multivariate super-hedging problems
(cf. Kabanov [15] and Bouchard-Touzi [5]), multivariate dynamic risk measures (cf. Feinstein-
Rudloff [9]), time inconsistent optimization problems (cf. Karman-Ma-Zhang [16]), stochastic tar-
get problems (cf. Soner-Touzi [24, 26, 27]), and recently, nonzero sum (mean field) games with
multiple equilibria (Feinstein-Rudloff-Zhang [11] and Iseri-Zhang [14]). Many of these problems
were considered non-standard or even ill-posed in the literature, and overall we lacked convenient
mathematical tools to treat them. When viewed as set values, however, their value functions (named
set value functions' in this paper) enjoy many nice properties as the value function of standard con-
trol problems, in particular the crucial dynamic programming principle, or say the time consistency.
Notice that, for a standard control problem, the combination of the dynamic programming principle
and the Itd formula leads to the popular PDE approach. Then a natural question is:

Can we characterize these set value functions via set-valued PDEs? (1.1)

This is exactly the goal of the present paper: to introduce the PDE approach and hence recover
the standard language for these challenging problems. To be precise, the main contributions of this
paper are as follows:

e Introduce derivatives for set-valued functions and establish the set-valued It6 formula.

e Propose a notion of set-valued PDEs, and establish its wellposedness in the contexts of mul-
tivariate stochastic control problems.

e As an important application, construct a so called moving scalarization for a time inconsistent
problem by using the classical solution of the corresponding set-valued PDE.

We hope this paper serves as the first step of our long term project on providing a convenient tool
and systematic study for multivariate problems, including games.
Our first main result is the set-valued It6 formula, which roughly reads:

1
AV, X,) = [a,v + 02V b+ S0 0k Vo) — Kyt + g]dz + [BxVo + §]dB,, (12)

where d X; = b;dt 4+ 0+d B; is an arbitrary diffusion. We refer to Theorem 3.1 below for the precise
meaning of the above formula. In particular, d;V, 05V, 05V are derivatives of V defined on the
graph Gy, which is the graph of the boundary surface Vj, and consists of all points (¢, x, y) where
y lies on Vy (¢, x). The essence of the It6 formula is to characterize flows on the boundary surface.
Given the surface’s invariance under tangential deformations, a key feature of the set valued It
formula is the inclusion of arbitrary driving forces £ and ¢ on Gy, which take values in the tangent

'We use this for the value functions from the applications, to distinguish from general set-valued functions.



space. This, along with the appropriate correction term Ky ¢, ensures that the flows are not pushed
away from the boundary surface.

Our set-valued HIB equation takes the following form: for some Hamiltonian function 4y and
with appropriate terminal condition,

Sup nV(tax’J’) : [atV(t,x,y) +hV(t’xay’axV,axxV’a7€)i| = O’ (t’x,)’) € GV’ (13)
a,g

where a takes values in a control set, ¢ takes values in the tangent space, and ny is the unit outward
normal vector. This is derived by applying the above Itd formula on the dynamic programming
principle for the set value function of the multivariate control problem. As we see, the introduction
of £ (and £) in (1.2) is crucial. We note that £ disappears in the equation since ny - £ = 0. However,
JK vy ¢ is nonlinear in ¢ and thus ny - Ky ¢ is an important component in the equation. The equation
(1.3) can be rewritten equivalently in terms of the signed distance function ry, see (5.4) below. We
emphasize that ny is part of the solution here and the equation is satisfied only on the graph Gy,
so the wellposedness of (1.3) has a completely different nature than that of standard PDEs.

In the scalar case: m = 1, we can easily see that V(¢,x) = [v(¢, x),v(¢, x)], where v and
v are the value functions of the standard minimization and maximization problems, respectively.
In this case, ny = 1 or —1, and the tangent space is degenerate and thus { = 0. Then (1.3)
reduces exactly back to the standard HJB equations for v and v. So our set-valued HJB equation
is a natural extension of the standard HIJB equation to the multivariate setting. Indeed, (1.3) means
the optimization over each direction ny (¢, x, y). Moreover, note that v and v are the boundaries
of V in this case, namely Vj (¢, x) = {v(¢, x), v(¢, x)}, which inspires us to focus on the boundary
surface Vj instead of on the whole set V. We would like to point that, again since £ = 0, = 0, in
this case (1.2) also reduces back to the standard Itd formula for v (¢, X;) and v(¢, X;).

Our main result of the paper is that the dynamic set value function of the multivariate stochastic
control problem is the unique classical solution of the set-valued HIB equation (1.3), provided V
has sufficient regularity. We thus obtain the positive answer to our question (1.1) in this setting,
which further opens the door to the PDE approach for more general multivariate problems. Such
PDE characterization helps to understand better the structure and the nice properties of the dynamic
set value function. In particular, it helps to construct (approximate) optimal controls with certain
Markovian structure. Indeed, when V is smooth, as in standard verification theorem we may use
the optimal arguments (a*, ¢*) of the Hamiltonian in (1.3) to construct an optimal control for a
scalarized optimization problem, as we will explain in a later paragraph.

It should be noted that, under natural Lipschitz conditions our set values turn out to be convex
and the set value function is uniformly continuous in (¢, x), both are basic properties important in
theory and in applications. However, we emphasize that our set-valued It6 formula does not require
the convexity, and our arguments for the wellposedness of the set-valued HIB equations does not
rely on this convexity either.

As an important application of our wellposedness result, we construct a moving scalarization for
some time inconsistent problems, proposed by [16]° and Feinstein-Rudloff [10]. Note that we are in
the multivariate setting and in general it is not feasible to optimize the multiple objects simultane-
ously. In practice quite often one considers a scalarized optimization problem: max, v (0,xy) ¢(V).
where ¢ : R” — R. This scalarized problem, unfortunately, is typically time inconsistent. The
idea of a moving scalarization is to find a dynamic scalarization function ®(z, X[g ;: y), with
®(0,x0:¥) = @(»), such that the dynamic problem maxycv, x,) Pz, X[o,;: ¥) becomes time

2In [16] it’s called dynamic utility function, instead of moving scalarization.



consistent. In Section 7 below we shall investigate this interesting application. In particular, we
shall construct a moving scalarization for the mean variance problem explicitly.

At this point we would like to mention that the present paper considers classical solutions only.
In particular, this requires that the set value V (¢, x) is non degenerate and its boundary Vj (¢, x) is
a smooth m — 1 dimensional manifold, namely the co-dimension is 1. It is our strong interest to
remove these constraints and study viscosity solutions of more general set-valued PDEs, thereby
broadening the applicability of the theory. We shall leave this important question to future research.

Some related literature. There is a large literature on set-valued analysis, we refer to the books
Aubin-Frankowska [3], Kisielewicz [17, 18], and the reference therein. However, our approach is
completely different from those in the set-valued analysis. First, the input (¢, x) of our set-valued
functions V is vector valued, while in the standard literature it is typically set-valued. Next, we focus
on the dynamics of the boundary surface, rather than the dynamics of the whole set. Roughly speak-
ing, we focus only on those special selectors whose flow remains on the boundary. These selectors
have nice properties and are sufficient to characterize the whole sets. Moreover, the boundary is
essentially the frontier which has intrinsic optimality and thus is also important from practical point
of view. We shall mention the recent paper Ararat-Ma-Wu [1] on set-valued backward SDEs, which
is highly relevant to our paper. Given our set value function V (¢, x) and a state process X (e.g. a
Brownian motion), we may introduce a set-valued process Y; := V (¢, X;). In spirit the process Y
should satisfy a set-valued backward SDE. However, besides that we employ completely different
approaches, except in some simple cases the set-valued process Y does not satisfy the equation in
[1]. That is, the objectives of the two works are different. We should mention that the applications
mentioned in the beginning of this introduction fall into our framework, although technically our
current results do not cover many of them (which we intend to study in our future research).

Our approach is strongly motivated by the studies on surface evolution equations, see e.g.
Sethian [22], Evans-Spruck [8], Soner [23], Barles-Soner-Souganidis [4], the monograph Giga [12],
and the references therein. These equations arise in various applications such as evolutions of phase
boundaries, crystal growths, image processing, and mean-curvature flows, to mention a few. These
works consider the dynamics of a set-valued function V(¢), more precisely the boundary V(¢),
without the state variable x. In our terms, roughly speaking these works study first order set-valued
ODEs, while we extend to second order set-valued PDEs. In particular, the set-valued It6 formula is
not involved there. Another difference is, due to the nature of different applications, they study for-
ward equations with initial conditions while we study backward problems with terminal conditions.
This difference would be crucial when one concerns path dependent setting (not covered in this
paper), where one cannot do the time change freely due to the intrinsic adaptedness requirement.

Furthermore, within the surface evolution literature, our work is closely related to Soner-Touzi
[27] which studies stochastic target problems by using mean curvature type geometric flows. In our
contexts, their approach amounts to studying the following set value function via its signed distance

function rg:

@(l) = {(x,y) tXx € Rd,y € V(Z,x)}, and thus @b(t) = {(x,y) 1Xx € ]Rd,y € Vb(t,x)}.

Clearly V and V are equivalent, with the same graph: Gg = Gvy. The major difference here is that,
while ry and rg; agree on the graph (both are 0 by definition), their derivatives are different on the
graph, and consequently, the equation derived in [27] is different from our set-valued HIB equation
(1.3). In particular, in the scalar case: m = 1, as mentioned (1.3) reduces back to the standard HIB
equations, but the equation for rg appears in a quite different form. Moreover, the normal vector
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ng of V is also different from ny, and does not serve as a moving scalarization as we discussed.
We shall provide more detailed discussions in Section 8.2 below.

Finally, we remark that there are some very interesting studies on (possibly discontinuous) vis-
cosity solutions along this line, see e.g. [4], Chen-Giga-Goto [7], Soner-Touzi [24, 25, 26]. It will
be interesting to explore these ideas in our setting.

The rest of the paper is organized as follows. In Section 2 we introduce the setting and define
the intrinsic derivatives of set-valued functions. In Section 3 we prove the crucial set-valued It
formula. In Section 4 we present the multivariate control problem. In Section 5 we introduce the
set-valued HJB equation and show that the value function of the multivariate control problem is a
classical solution, and the uniqueness of classical solutions is established in Section 6. Section 7 is
devoted to the application of moving scalarization. In particular we solve it explicitly for the mean
variance problem. In Section 8 we offer further discussions, including an extension to the case that
the terminal condition is non-degenerate, and comparisons with [1] and [27]. Finally we complete
some technical proofs in Appendix.

Notation. For the convenience of the readers, we list some frequently used notation here.
e DD: subsets of R™;
e V:[0,7] x R? — 2R™: gset-valued functions, where in particular V (¢, x) C R™ is a set;
e Vj, and V,: the boundary and interior of V, respectively;
e G: the graph of Vp, see (2.9) and (2.19);
e 1: the signed distance function, see (2.2);
e n: the outward unit normal vector, see (2.4);
e T': the tangent space, see (2.5);
e 1: the projection onto the boundary, see (2.3);
e I,,: the m x m identity matrix; and I,, —nn' is the projection operator onto T’;
oV f : the standard derivatives of a function f ;

e 0. f: intrinsic derivatives of f : Gy — R,
see (2.7), (2.17), (2.20), (2.21), (2.22), and (2.23);

e X and (Y, Z): solutions to SDEs and BSDEs, respectively, see e.g. (4.1);
e Y: forward dynamics typically on Vp, see e.g. (3.2);

e (£,0): vector fields taking values on the tangent space T, see e.g. (3.2);
e K3 {: correction term of ¢ in the It6 formula, see (3.1);

o 59 differential operator in the It6 formula, see (3.1);

(hOV, hy, Hy): the related Hamiltonians, see (5.2);

£: the differential operator of the HIB equation, see (5.3).



2 Intrinsic derivatives of set-valued functions

Throughout the paper all vectors are viewed as column vectors, - denotes the inner product, and ' ,°
denote the transpose and complement, respectively. We denote by V the gradient operator, and for
a function f : R? x R” — R, we take the convention that the second derivative Viy f(x,y) 1=

[Ox,y foe-e s 0xyy f] € R™XE,

2.1 Some basic materials

In this subsection we present some basic materials in geometry, which will be the starting point of
our set-valued functions in this paper.

Let Dy' C 2R™ denote the space of closed sets D in R™, and denote by D,, Dy, D€, the
interior, the boundary?, and the complement of I, respectively. Define the Hausdorff distance:

d(D,D) := (sup d(y,]f)))) \% ( sup d(ﬁ,D)), where d(y,D) := inf |y —y'|, Yy e R™. (2.1)
yeD jeb y'eD

The following signed distance function of D plays a central role in our analysis:

d(y.Dp), yeD

rp(y) = —d(y.Dy). yeD. (2.2)

It is obvious that
Dy ={y eR" :rp(y) <0}, Dp = {y e R" : rp(y) =0}, D = {y e R" : rp(y) > 0}.

We next let DJ" denote the space of D € D’ such that rp is twice continuously differentiable
with bounded derivatives on O,(Dp) := {y € R™ : |rp(y)| < &} for some ¢ > 0. We remark
that the boundary Dy is a manifold without boundary, as regular as rp. For each y € D, let
np(y) € R™ denote the outward unit normal vector at y. Moreover, for any y € O (Dp), let
mp (y) denote the unique projection of y on Dy, i.e. ap(y) € Dy satisfies:

y=np(y) +rp(y)np(rp(y)), y € O:(Dp). (2.3)

We refer to [19] and [6, Corollary 3.4.5] for discussions on the connections between the regularity
of the signed distance function rp, the surface regularity of Dy, and the projection wp. It is clear
that:

np(7p(y)) = Vyrp(y). and |[Vyrp(y)| =1, y € Oc(Dp). (2.4)
For any y € Dy, let Tp () denote the tangent space:
Tp(y) :={§ €R™:£-np(y) =0}, yeDy. (2.5)
For a differentiable function f : D, — R, we define its intrinsic derivative 0y, f(y) € Tp(y):

i £0©) — f)
im ————

e—0 &

= 3y f(y) - 0'(0), for any smooth curve 6 : R — D}, with 6(0) = y. (2.6)

31t may seem more natural to use D to denote the boundary, however, in this paper we reserve the notation 3 for the
intrinsic (partial) derivatives.



Alternatively, for any smooth extension f ‘R™ - R, ie. f = f on DDy, we have

0y f(7) =V f(3) = [Vy f() - np(M)np () = I —np(W)np () DV, f(). 27

where I, € R™*™ is the identity matrix, and I, — np (y)np (») T is the projection operator onto
Tp(y). We emphasize that dy f(y) does not depend on the choice of the extension f.*

We also recall the shape operator d,np(y) = [aynﬁ) (¥),--- . dynp(y)] € R™™, which cap-
tures the curvatures of D, at y.
2.2 Set-valued functions
Consider a function V : R — DJ". Denote

Vp(x) := (V(x)p, rv(x,y) :=rymy), nv(x,y) =nyuy).
: : (2.8)
my(x,y) =y (). Tv(x,y):=Tyu)(y),

and introduce the graph of Vj:
Gy = {(x,y) xeR,ye Vb(x)}. (2.9

When there is no notational confusion, we may drop the subscript y in ry, ny, 7wy and denote
themasr,n, 7. Wesay V € C 2(R; DI if ry is twice continuously differentiable with bounded
derivatives on Ogz(Gy) for some ¢ > 0. Note that in this case V(x) € DJ*, Vx € R.

Remark 2.1 (i) We note that our results in the paper will only involve rvy and its derivatives near
Gvy. For the convenience of our arguments, throughout the paper, we shall modify vy outside of
O¢(Gv), so that the modified function Ty satisfies:

o Ty =ry on O:(Gy);
o Ty € C2(R x R™;R) with bounded derivatives;
o [ty (x,y)| > 3 forall (x,y) ¢ Os(Gv).

We emphasize that all our results will not rely on the choice of such a modification. For notational
simplicity, we may identify the notation ¥y with ry.

(ii) Similarly we may extend my outside of Oz(Gv), still denoted as my, such that

o On O.(Gvy), my(x, y) is the original unique projection of y on Vi (x) such that the counter-
part of (2.3) holds true;

o v (x,y) is jointly measurable and wy (x, y) € Vp(x) for all (x,y) € R x R™;
o There exists a constant C = Cy such that

|y —”V(X,J’)| =< C|l’V(X, y)| (210)

4We note that here we require f to be differentiable (as a function on a manifold). Then (2.6) and (2.7) are the usual
definition of a derivative of a differentiable function on a manifold, however, we can identify them as vectors since Dy, is
a submanifold of R™. We also note that tangent space is defined as an equivalence class of curves on the manifold, but
we similarly identify it by vectors.




We remark that (2.10) follows from (2.3) when (x,y) € O.(Gvy), and the existence of C for
arbitrary (x,y) ¢ O¢(Gy) is due to the facts that vy (x,y)| > 5 and that, if needed, we may
modify the extension of vy further when |y — mwy (x, y)| is large.

(iii) We can also extend ny to the whole space R xR™, still denoted as ny, such that ny is con-
tinuously differentiable with bounded derivatives. For convenience, we fixny (x, y) := Vyry(x, y)
forall (x,y) € R x R™, |

Fix x¢ € R. For each yg € V(x¢), in light of the modifications in Remark 2.1, we consider the
following ODE which clearly has a unique solution Y*0:70 : R — R":

X
YX0Y0(x) = yo — / Viry ny (%, Y¥0Y0(%)) dx. (2.11)
xo0
The operator Y is crucial for characterizing the flows on the boundary surface, see Proposition 2.2.
We note that the drift —Vryny here is intrinsic in certain sense, and Y leads to a local geodesic,
see Remark 2.4, Proposition 2.5, and Remark 5.3 below.

Proposition 2.2 Assume V € C?(R; DI") and xg € R. Then, for any x € R,
Vp(x) = {T*020(x) : yo € Vp(x0)}. (2.12)

Consequently, (2.11) involves ry and ny only on Gy and thus does not depend on the modifications
of ry and ny in Remark 2.1.

Proof For notational simplicity, we drop the subscripts and denote r, n, 7.

We first show that, for any yg € Vp(xp) and x > xg, Y(x) := T¥:Y0(x) € Vp(x). Let
& > 0 be such that the original r in (2.2) is twice continuously differentiable on O.(Gvy). Note that
(x0,y0) € Gy C O,(Gy). Denote

T = inf{x > xo: (x,T(x)) ¢ OE(GV)}.

Then, for x € [xg, T), apply the chain rule we have

j_xr(x,T(X)) = Var(x, T(x)) = Vyr(x, Y(x)) - [Var n(x, T(x))]
= Ver(x, T(x))[l — Vyr(x, T(x)) - n(x. T(x))].

Here we used the fact that Vyr is scalar. Recall the extension n(x, T(x)) = Vyr(x, Y(x)) in
Remark 2.1 (iii) and by the second equality in (2.4) we have

. T()) = Vor(a, T(x))[l — |Vyr(x, T(x))|2] —0, x € [xo 1)
dx

Note that r(xg, Y(xg)) = r(xo, yo) = 0. Then the above equation implies r(x, Y (x)) = 0 for all
X € [xg, T), which in turn implies T = oo. Thus r(x, Y(x)) = 0 and hence Y (x) € V,(x) for all
X > xo. This implies that {YY°(x) : yo € Vp(x0)} C Vp(x) for all x > x¢. Similarly we can show
that {Y7°(x) : yo € Vp(x9)} C Vp(x) for all x < x¢, and hence for all x € R.

On the other hand, for any y € Vp(x), set yo := Y*Y(xq) € V,(x¢). By the flow property
of the ODE (2.11), we have Y% (x’) = Y*0-Y0(x’) for all x’ € R, and thus y = Y*Y(x) =
Y*0-Y0(x). This proves the opposite inclusion in (2.12). [ |



Remark 2.3 (i) Later on we will define 0,V (x,y) := —Vyryny(x,y) for (x,y) € Gy, see
(2.20) below. Then (2.11) can be rewritten as

X
T*0:Y0(x) = yo +f Ix V (X, Y¥00(X))d % (2.13)

X0

Thus (2.12) can be viewed as the fundamental theorem of calculus for set-valued functions:
X
Vi (x) = Vp(xo) + / 0xV (X, Vp(X))dXx. (2.14)
xo

(ii) However, (2.14) should be interpreted as (2.13) and (2.12), rather than the meaning in the
standard set-valued analysis, which roughly speaking considers

T(x) := yo +/ IxV(X,7(X))dX, Vyo € Vp(x0),7(X) € Vp(X).

The above T(x) is in general not in Vy(x). See also related discussions in Section 8.3 below.

(iii) The set-valued Ito formula in the next section, which is one of the main results of this paper,
can be viewed as the stochastic version of Proposition 2.2. |

Remark 2.4 For any Y € CY(R;R™) taking values on the boundary surface, namely Y(x) €
Vp (x) for all x € R, by (2.4) we have

0= j_xrv(x, T(x)) = Vary(x, T(x)) + Vyry(x, T(x)) - Vx T (x)
= Vyery (x, Y(x)) + ny(x, T(x)) - V, T (x).

2.15)

That is, for any such Y with Y(x) = y, the projection of VxY(x) on ny(x, y) is independent
of the choice of T: (VxY -ny)ny(x,y) = —Vyryny(x,y) = 0,V (x,y), so our definition of
dx VY (x, y) is intrinsic in the sense that it is independent of the choice of Y.

However, if we do not require 0,V to go along the normal direction, then there are alternative
ways to define 0, V. This relaxation will not affect our main results though, see Remark 5.3 below.
|

The next result, although technically not used in this paper, is interesting in its own right. We
postpone its proof to Appendix.

Proposition 2.5 Assume V € C?(R; D) and (xo, yo) € Gy. Then the curve Y (x) := T*0:Y0(x)
determined by (2.11) is a local geodesic of the flow V in the following sense. For any continuous
curve 0(x) € Vp(x) with 0(xg) = yo, we have

lim
x—>Xxo |x — X

[L (x0,x) — L (x0. x)] <0,

where Ly (xg, x) (resp. Lg(xg, x)) denotes the length of Y (resp. 0) between xo and x.

We now turn to functions f : Gy — R. For fixed x, the intrinsic derivative 9, f(x, y) for
y € Vp(x) is defined by (2.6) or equivalently by (2.7). We next define the intrinsic derivative of f
with respect to x following the local geodesic T defined by (2.11):
S x, T¥0Y0(x)) — f(x0, Yo)

0x f (X0, yo) := lim p—_— . (x0.y0) € Gy. (2.16)

9



Equivalently, for any smooth extension f of f, we have

_ o @ rRe(x) = £ (xo. yo)
0x f (X0, yo) = lim X —xo (2.17)

= V[ (x0, y0) — Vary Vy f - 0y (xo, yo).

Again, the right side above does not depend on the choice of the extension f .
We say f € C!1(Gy;R) if f has continuous intrinsic derivatives d, f and dx f. By (2.16), it
is obvious that dy f is linear on f, and the product rule and the chain rule remain true:

0x(fg) = gdx f + fxg, forall f,g € C'(Gvy;R);

2.18
dx[g(/)] = &'(f)dx [, forall f € C'(Gy;R),g € C'(R:R). e

2.3 Intrinsic derivatives of set-valued functions

We now extend all the above analyses to functions V : [0, 7] x R¢ — D', In this and the
next section we may allow infinite time horizon [0, c0). However, in later sections we require T
to be finite, so for simplicity we consider finite 7" here as well. Introduce Vj (¢, x), ry (¢, x, y),
ny(z,x,y), ry(t,x,y), Ty(t, x, y) in an obvious manner as in (2.8) and denote

Gy = {(t,x,y) : (t,x) € [0, T} xR?, y € Vp(t,x)}. (2.19)

As before we may use the simplified notations r,n, w when there is no confusion, and we will
always use their modified version or extension as in Remark 2.1.

Recall (2.16) and (2.17) when V is defined on R. Now for our more general V and for any
function f : Gy — R, we define its intrinsic partial derivatives d; f € R,d,f € R?,d,f €
R™, and the higher order intrinsic derivatives in an obvious manner, for example, the second order
derivatives are defined as:

ax,jxjf = axi (ax‘,’ f)

Moreover, for f : Gy — R”, we define its intrinsic derivatives component wise.
Finally, by considering the special function fo(f,x,y) := y and its natural extension
fo(t,x,y) =y, applying (2.17) component wise we define the intrinsic derivatives of V.

Definition 2.6 For any (¢, x,y) € Gv and by denoting fo(t,x,y) := y, define

0, V(t,x,y):=0; fo(t,x,y) = =V,rn(t,x,y) € R™;

(2.20)
Ox; V(t,x,y) := 0y, fot,x,y) = =Vyrn(t,x,y) eR™, i=1,---.d
We recall Remark 2.3 and note that (2.17) becomes: for any f € C!(Gy:R),
5 f=Vif +Vyf-0;V, 0, f=Vef+V, [ -0V, onGy. 2.21)

Note that 9;V and d,V are functions on Gy, then we may continue to define higher order deriva-
tives of V by applying (2.17) or (2.21) repeatedly.
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Lemma 2.7 Assume ry € C2([0,T] x R¥; D). Then

Ox;x; V(£,x,y) = =Vyx;rn(f, x,y) — Vy, T dy;0(7, x, y); (2.22)
den’ = Viyy; T Byn = Vy,yr. (2.23)
The proof is quite straightforward, we thus postpone it to Appendix. Throughout the paper, we view

32V € (RE*4)m a5 a tensor with components dx,V: € R?*4 forj = 1,--- ,m, and we shall
take the notational convention:

0xV = [0x, V, -, 0x, V] e R4 5 Vi = [0,x Vi, -, 0x,x V] € RI¥9;

2.24
Oxn = [8xln,... ,8xdn] GRMXd, ayn: [ayln,_“ 78ymn] c RM*m ( )

Remark 2.8 (i) At (t,x,y) € Gy, since |n|> = 1, by (2.18) we have dx,m-n = 0. That is,
dx;n(t,x,y) € Ty(t, x,y). So(2.22) provides an orthogonal decomposition of dxx V. In particu-
lar; unlike the first order derivatives in (2.20), dx,x,; V is in general not parallel to n.

(ii) It is clear that

dxxV-m:= [0y, V-n] — Ve r € RE¥d

1<i,j<d —
is symmetric. However, in general 0xxV is not symmetric: Vx,¥0x,m # Vy,¥0x,m, i # j.

(iii) dyn = Vyyr € R™>™ s symmetric. Moreover, since dy,n-n = 0, we see that 0 is an
eigenvalue of dyn with eigenvector n. |

Example 2.9 (i) Let w : [0,T] x R? - R? and u : [0,T] x R? — (0,00) be continuously
differentiable. Set, withd = m = 2,

V(t, x):= {y eR?: |y —w(t, x)| < u(t,x)},
and thus  Vp(t,x) = {y € R? : |y —w(t, x)| = u(t, x)}.
It is clear that
r(t,x,y) = |y —w(t,x)| —u(t, x), (t,x,y) € [0,T] x R? x R,

Then, for (t,x, y) near Gy (so that |y — w(t, x)| > 0), by straightforward calculation,

AP )R TSR VAV N C Al DER LU VS S B
ly —wl ly —wl ly —wl
Vxl.x/.r _ inw . ijw - (y _w) : in)cjw . [(y _w) Vx,w][(y; w) ‘ijUJ] —inxl-u;
' ly —wl ly —wl '
V.. w/ —w)-Vy, —w/ ) PP s —wiy; — w/
Vaiy, ¥ == l_w - _lw]gy] v Vyiy, ¥ = {l_j} b wl[yj3 vl
ly —wl ly —wl ly —wl ly —wl
Then, by (2.4), Definition 2.6, and Lemma 2.7, at (¢, x, y) € Gy we have
—w
. ;o 0:,V=[Viw-n+Vuln; 9,V =[Vyw-n+ Vyuln
u
1 - 1 -
dxyn=—[—Vyw+ - Vywn], 8,n/ =—[lg=j —n'n’];
u u (2.25)
Oxre, V = [ [V - Vi, w = (Vg 0)(Vig; w - m)] = Vi, 0 1 — Vi |

1
—E[ijw 0+ Vy u][Ve,w — (Vy;w - mn].
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In particular, we see that in general x;x;V # 0x,x; V fori # j.

(ii) Consider a special case that w = 0 and u satisfies the heat equation:
1
Viu + Etr (Vxxu) = 0.

Then by (2.25) we have 9,V = V,um, dx,x; V = Vy,x,un, on Gy. Thus V satisfies the following
equation: 0;VY + %tr (0xx V) = 0, on Gy. This clearly implies the following set-valued heat
equation:

1
n- [8;V + Etr (axxV)] =0, on GV |

We remark that we assumed r had bounded derivatives on Gy in all above analyses. For our
applications later, however, V (7, x) could be degenerate, in the sense that V(7,x) = {g(x)}is a
singleton and hence a degenerate manifold in R™. Note that in (2.25), dxn, dyn, and dxx V explode
when u = 0. This motivates us to define the following space.

Definition 2.10 (i) We say V € C12([0, T] x R?; DY) ifry € C12(0,(Gvy);R) for some & > 0
such that all the related derivatives are bounded and uniformly Lipschitz continuous in y. Conse-
quently, 0;V, 05V, 0xxV, dxn, dyn are bounded and uniformly Lipschitz continuous in y on Gy.

(ii) We say V € C12([0,T) x R%; D) if V e CO([0, T] x R4; D), and V € CL2([0, T —
§] x RY; D) for all 0 < § < T. Note that we do not require V(T x) € DJ* here.

3 The set-valued Ito formula

We start with the probabilistic setting. Let  := {w € C([0, T],R%) : wy = 0} be the canonical
space, B the canonical process, i.e. B(w) = w, IP the Wiener measure, i.e. B is an P-Brownian
motion, and F = F5 the augmented filtration generated by B. For a generic Euclidean space E
and p > 1, let ]Lf’oc (E) denote the space of F-progressively measurable E-valued processes 6 with
fOT |6¢|Pdt < oo, a.s., and ]Lf’oc (R™; E) the space of [F-progressively measurable random fields
£:(t,w,y) €0,T] x 2 x R" — E such that £(-,-,0) € ]Lfoc(E) and £ is uniformly Lipschitz
continuous in y.

Fix V e CL2([0,T] x R¥; DI") as in Definition 2.10 (i) with corresponding & > 0, and
xo €RY bel) RY,0ecl? R &cL) R™R™),;ecl? (R™R™) Denote,

X:i=x0+ /Ot bsds + /Ot osd By,
and introduce the (random) differential operators: recalling (2.24),
E2V(t, w,x,y) = [0,V + 3 Vb + L (6T 3,2 Vo)](t, 0, x, ),
KLt o,x,y) = [tr ({Tdxno + 1¢T9,ng)n](t, o, x, y),

where tr (019, Vo) € R” with i-th component tr (0 ' 9y, Vi), and recalling Remark 2.1,
we may extend the derivatives of V and n to [0,7] x R x R™. Here 8,Vb(t,w,x,y) =
0,V (t,x,y)b(t,w), and we take this convention for all combinations of functions involving differ-
ent variables. Moreover, as usual in the literature, when there is no confusion we omit the variable
.

We are now ready to establish the set-valued It6 formula.

3.1
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Theorem 3.1 Let V,xo,b,0,X,E,¢ be as above.  Assume, for each i, Ci(t,w,y) €
Ty (, X¢(w), y) holds for all y € Vy(t, X¢(w)), for dt x dP-a.e. (t,w). For each y € R™,
recall Remark 2.1 and let Y7 denote the unique strong solution of SDE:

t

t
Y =y+ /0 [£2°V — KG ¢ + €] (s, Xs, Y )ds +/O [0xVo + ¢](s. X5, Y)dBs. (3.2)

(i) Assume &;(y) € Ty (¢, X¢, ), forall y € Vy(t, Xy), for dt x dP-a.e. (t,w). Then
(Y] 1y € Vy(0,x0)} C Vp(t, Xy), forall0 <t < T, as.

In particular, in this case no extension is needed in (3.2).
Moreover, if Vy, takes values in connected compact sets, then the equality holds:

{T,y 1y € Vb(O,xo)} = Vu(t, Xy), forall0 <t <T,a.s.

(ii) Assume &;(y) -ny (¢, X¢,y) < Oforall y € Vi(t, X¢(w)), for dt x dP-a.e. (t,w). Then
{Tty 1y € Vu(0,x0)} C V,(t, Xy), forallO <t <T, as.

(iii) Assume &;(y) -ny (¢, X¢,y) = Oforall y € V(t, Xy (w)), for dt x dP-a.e. (t,w). Then
(Y] 1y € VE(0,x0)} C VE(t, Xy), forall0 <t < T, as.

Remark 3.2 Note that Theorem 3.1 (i) is mainly to characterize the follows on the boundary sur-
face. Since the forces by &, ¢ in the tangent space will not push the flow away from the surface, so
the It6 formula holds true for arbitrary §, {, where K, is the correction term due to the quadratic
covariation.

We remark that, while all the results in this theorem remain true if we choose the trivial one:
£ =0, ¢ = 0, this special choice is not sufficient for our main results later. For example, in the
dynamic programming principle (4.16) below for the set value function V, besides the standard
control o, one may choose another free term ¢ € V(t, X X%y in the right side, which stands for an
appropriate selector of Y. Roughly speaking, the presence of ¢ will induce appropriate £, ¢. In the
standard literature where V is a singleton, ¢ is fixed and correspondingly ¢ = 0, ¢ = 0.

Moreover, since the HIB equation is derived by applying the Ité formula on the dynamic pro-
gramming equation, our set-valued HJB equation (5.3) below will also involve . |

Remark 3.3 In this remark we specify the measurability involved in the theorem. Note that the
Hausdorff distance d in (2.1) induces naturally a topology on D§' and we may consider the mea-
surability of V with respect to the corresponding Borel field. However, since our analysis goes
through rvy, such a topology or measurability is not needed. Indeed, the measurability of the events
involved in the above theorem and in the rest of the paper can be derived from rvy directly. For
example, in Theorem 3.1 (i), the event

{{T,y Ly € V,(0, x0)} C Vi (t, X,)} — {rv(t,X,, TY) =0, Vy € Vb(O,xO)}.

Since vy is continuous on (t, x,y) and Y} is continuous in y in IL2-sense, one can easily show that
the above event is F;-measurable (augmenting ¥; as usual). |

3¢ is not involved though as we will explain later.
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Proof of Theorem 3.1. (i) Inspired by the arguments for Proposition 2.2, we shall show that
r; :=r(t, Xs,Yy) =0. 3.3)
Fix yo € V,(0, x0) and denote Y := Y*0:Y0_ Introduce
ti=inf{t > 0: (1, X;, Y1) ¢ Oc(Gvy)} AT. (3.4
Since (0, x¢, yo) € Gy, then T > 0, and r is smooth on [0, 7]. By the standard It6 formula,

di’t =dr(Z,Xt,Tt)=A(Z,Xt,Tt)df+M(I,Xt,Tt)dBt, where (35)
A=V +Ver-b+ Vyr- (£2°V - X$¢ + £)

1
—I—Etr (OTVxxI‘O + (3xVo + &) TVyyr(@x Vo + ) +2(0x Vo + E)Tnyro);
M :=V.r'o+ Ver(axVa +0).

We proceed the rest of the proof in three steps.
Step 1. In this step we show that, for0 <t < t,

AW Xe. Ye) =00, X0, Ve) - §(Xr), M@, X, X)) =[n-81.- 08|, X:. Y). (3.6

Indeed, recall Remark 2.1 (iii) that we have fixed the extension n(z, x,y) := V,r(¢, x,y), and
similarly we consider this extension in (2.20), (2.22), and (2.23). Then,
n-(£2°V — K$) = —Vir — Vir - b — tr (0 T Vaxro + 20 TViyro + {TVyyr);
(VyyraxV)ij =Vyyr-0x; V==Vy,,r-Vyrn=0, 1<i=<m,1=<j=d,;
((BxV)Tnyr)u =0,V Vyyr=—Vyrn-Vy,r=0, 1<i j<d.
ij : :
Here we used the facts dx;n-n = 0, Vy,yr-n = 0, Vy,,r-n = 0. Plug these into the expression
of A in (3.5) we obtain A = n - £ straightforwardly. Similarly,
M:=V.r'o— nT[Vxlr n,---,Vy,rnjo + n't=n'¢

Thus (3.6) holds true.

Step 2. Recall (2.4) that n(¢, x,y) = n(t,x,n(t,x,y)) for all (¢,x,y) € O.(Gy). Since
£(t,y),¢Ci(t,y) € Ty(t, X¢,y) forany y € Vi (¢, X¢), then, for 1 <i <d,

n(tht’Tt) 's(t’”(tvxt’Tt)) = n(t’leTt) 'é-i(t’n(t’thTt)) = 07 0 =r=r
Note further that, by (2.4) again, |Y; — (¢, X¢, Y¢)| = |t¢], 0 <t < 7. Then

A X0 o) = 00 Xe, T0) - (80200 = £ 70 X0, 1)) = b .
M Xe o) = G X ) - (5000 = G (0. Xe, ) = 67 |

where b; ,.6," are appropriate processes bounded by the Lipschitz constants of &, {; with respect to
v, and M* denotes the i-th column of M. Thus (3.5) becomes:

dv,; = b;t,;dt + 6,5;dB;, 0<t <t. (3.8)
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Introduce

t

t
- ~ 1, .
Gy - dBy — f (Bs + 5165 1ds ). (3.9)
0

ft ::exp(—/
0

Thenr; = f'ol:‘t_l. Since ro = r(0, xg, y9) = 0, thenr; = 0,0 < ¢ < 7, and thus, by (3.4) we
must have t = T, a.s. This implies that Y; € Vp (¢, X;),0 <t < T, a.s.

Step 3. Moreover, assume further that V, takes values in connected, compact sets. Note that
y + Y7 is a homeomorphism almost surely (See Kunita [20]). In particular, it is continuous
and locally one-to-one. Since V (0, xo) is compact, it is mapped to a closed set in Vp (0, x¢). By
invariance of domains for manifolds without boundaries, y +— Tty is an open mapping in relative
topologies of Vj (0, x0),V (¢, X¢). Therefore, V4 (0, xo) maps to an open set in Vj (¢, X¢). This
concludes the equality as we assumed connectedness.

(ii) Fix yo € V,(0, x¢) and denote Y := Y*0-Y0_ It suffices to prove
r;:=r X:;,, ;) <0, 0<t<T, as. (3.10)

For this purpose, let § < £ be small enough so that o < —4. Introduce recursively a sequence of
stopping times: 79 := 0, and forn =0,1,---,

n+1 = inf{l > Ty (T = —8} AT; Ton+2 = inf {t > Top+1 - |l_'t| = 28} AT.
Since ryg < —§, by the desired continuity it is clear that
T1>1, It <-0,179=<t<71, and Iy =—-6whent <T.

We now assume 77 < 7. Then 1, > 71, due to the desired continuity, and we consider 71 <
t < 1. Since |, | = §, we have |r;| < 2§ < &, namely (t, X;, Y;) € O¢(Gy). Then (3.5) and
(3.6) remain true for 7; <t < 1, and similarly to (3.7) and (3.8) we have

dr; = [];tl_'t + Tlt]df +0¢r1dBy, T1 <t < 12, Where ny :=n(t, X;, V) - E(2, (2, Xy, Xy)).

for some bounded processes 5 o constructed as in Step 2. This implies that f’t r; =ro+ fé f‘s nsds
for the T in (3.9). Since ry;, = —6 < 0, and by our assumption 7, < 0, then

r; <0, 7y <t <1, andinparticular, r, = —26 when 75 < T.
Repeat the arguments, we see that, on {7, < T},

Tnt+1 > Tn, and 1 <0, forallt < ty41; 3.11)
ry =—6, fork <modd, and r; = —2§, for2 <k <neven. (3.12)

Denote E := Np>1{ty, < T}. For each w € E, by (3.12) it is clear that r is not left continuous at
T« (@) 1= limy— o Tn (w), where the limit exists since t, is increasing. However, r is continuous in
t, a.s., then we must have P(E£) = 0. That is, for a.e. w € Q, t,(w) = T for n large enough. Then
by (3.11) we see thatr; < Ofor0 <t < T, as.

(iii) follows from similar arguments as in (ii). |
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4 A multivariate control problem

Recall the canonical setting introduced in the beginning of Section 3. Given 0 < ¢t < T, we shall
also consider the shifted Brownian motion Bst := By — B;, and the shifted filtration F? := FB'
on [t, T]. For a generic Euclidean space E, let L2(;, E) denote the set of F;-measurable square
integrable E-valued random variables, and IL?(F?, E) the set of F*-progressively measurable square
integrable E-valued processes on [, T'].

Let A be a domain in some Euclidean space. For each ¢t € [0, T], our set of admissible con-
trols +; consists of all F?-progressively measurable A-valued processes . We remark that in this
paper we consider open loop controls, which is more convenient to study the regularities and to con-
struct desired approximations for our value functions. However, as in standard stochastic control
problems, one can easily see that the set values in this section will remain the same if we consider
appropriate closed loop controls.

Given (¢, x) € [0, T] x R¥, consider the following controlled dynamics: for each o € A;,

N S
XD5® = x +/ b(r, X%, ap)dr +/ o(r, X% ar)dBy,
tr ! T 4.1)
Yo = g(XtT’x’a) +/ fr, X2 ypoe z0%% o0 dr —/ Z5dB,.
N

N

Here X, Y, Z take values in R?, R R™*4 respectively, and b, 0, f, g are in appropriate dimen-
sions and satisfy certain technical conditions which will be specified later. We emphasize that Y is
typically multiple dimensional: m > 1. Our set value is defined as:

V(t, x) :=cl{¥/""% :a € #A;} CR™. 4.2)

Here cl denotes the closure. Thus V is a set-valued mapping [0, 7'] x R — 2R™ We now motivate
this set value function in the following remarks.

Remark 4.1 In the scalar case: m = 1, consider the standard control problems:

Q(ty x) = lnf Ytt’x’a’ v([’x) = Sup Ytt,x,a'
acA; acA;

Then it is obvious that

V(t,x) = [v(t, x),v(t, x)]. 4.3)

That is, the standard optimization problems are characterizing the boundary of our set value func-
tion. In this paper, we will characterize the boundary of V through a set-valued HJB equation, and
thus we extend the scalar optimization problem to the multivariate setting. |

Remark 4.2 The set-valued functions can be used to analyze some time inconsistent optimization
problems. Consider the well known mean variance optimization problem:

A
Vo = sup []E[X%x"’“] -3 Var(X%xO’“)],
aEA

s s (4.4)
where XE*% = x +/ ardr —I—/ ardB;.
t t
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Here X, B, « are all scalar processes. Note that Var(X1) = E[| X7 |?] — |E[X7]|?. Introduce

V{(z, x) —cl{ Yy aeAt}, where

T T 4.5
Yt,x,oe,l — X;:x,a o / Zi’x’“’ldBr Yt X,0,2 |Xt X, 0l| / Zi,x,ot,der
N ’ .
s N
Then one can easily verify that
A, A
Vo= sup @(y), where @(y):=y1+ Z|yil" = 5y2. (4.6)
YEV(0.%0) 2 2

Our goal of this paper is to characterize the dynamic set value function V. In fact, in this special
case we can solve YV explicitly, following the calculation in Pedersen-Peskir [21, Theorem 3, Part
2]°:

(y1 — xe"T=D)?
1 —e (T

V(. x) = {(yl,yz) 1y €Ryy > e T70x2 4 } c R2. (4.8)
Then, given the set V (0, x¢), it is trivial to solve the deterministic optimization problem (4.6):

1
Vo = xo0 + —[eT — 1], with optimal arguments in (4.6):

A > 1 r 2, 1 7 (“49)
vhim ot T =11, 33 i= PP+ LT - 11
We also refer to Section 7 below for the related time inconsistency issue. |

Remark 4.3 (i) The problem (4.2) can also be viewed as a stochastic target problem:
V(t,x) =cl{y eR" :3a € .A,,Z e L2(F! , R™?) 5.1 Y2V %7 = (X559, as.),

s (4.10)
where YIXV%Z — y _ f(r, xtxe ytxyeZ 7 o)dr + / Z,dB;,.
t t

(ii) Note that at above Y (T, x) = {g(x)} is a singleton. In this respect we may easily extend
our setting to non-degenerate terminal G : RY — Dg'. That is,

V(t,x) := cl{y € R™ : 3a, Z such that Y*"%% € G(X5™%), a.s.}. @.11)

All our results in this paper can be extended to this case as well, see Section 8.1 below. |

Throughout the paper, we shall impose the following technical conditions.

®In the mean variance portfolio selection literature, including [21], typically one uses geometric Brownian motion
setting and the controlled dynamics (the wealth process) becomes: with u denoting the control,

S
X = +/ up XM dr +/ uy X" dB,. 4.7
t

Clearly, this is equivalent to our formulation by setting o = uX and then X©¥¥% = X'X®  Moreover, as already
observed in [21], the optimal u} explodes when X’ (EXM = 0. Our o* always exists however, as implied by [21].
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Assumption 4.4 (i) (b,0) : (t,x,a) € [0,T] x R? x A — (R, R?*?) are bounded, uniformly
continuous in (t, a), and uniformly Lipschitz continuous in x.

(i) f: (t,x,y,z,a) € [0,T] x R? x R™ x R"™*4 x A — R™ is uniformly continuous in
(t,x,a) and f(t,x,0,0,a) is bounded. Moreover, f is continuously differentiable in (y, z) with
V,, £,V f bounded and uniformly Lipschitz continuous in (y, z).

(iii) g : x € RY — R™ is bounded and uniformly continuous in x.

It is clear that (4.1) is wellposed for any & € Ay, and thus V is well defined by (4.2).

4.1 Some basic properties
In this subsection we establish two basic properties of V:
e For each (¢, x), the set value V (¢, x) is convex;

e The set value function V is uniformly continuous in (¢, x) under the Hausdorff distance d.
Consequently, the signed distance function rvy is also uniformly continuous in (¢, x).

These properties are interesting both in theory and in applications. However, we note that, by
assuming the smoothness of ry, our main results in this paper do not rely on these properties. All
the proofs in this subsection are postponed to Appendix.

Proposition 4.5 Under Assumption 4.4, the set value V (¢, x) is compact and convex.

Remark 4.6 The Lipschitz property of f in (y,z) is crucial for the convexity. When f has
quadratic growth, as we see in Example 4.7 below, this convexity is not guaranteed. We shall
remark though such quadratic growth violates Assumption 4.4, which is assumed for technical rea-
sons and can be weakened. We refer to Remark 5.2 which provides an intuition to this convexity
from the PDE perspective. |

Example 4.7 Consider the example where f, g and hence YV are independent of x € R. Setm = 2,
A={aecR?:|a| <1}, g=0and f = (f1. f»)" is specified at below:

2y1y2a1 2 yazi +2y1z1z2 . 4dyiyazi
a,y,z) =ai, a,y,z) = ————+ (1 +yDay — .
Then Y (t) can be solved explicitly and is nonconvex when T —t > \%
V() = {:y(t,e) -V e [0, 2n]}, where
(4.12)
Y1(t,0) := (T —t)cosl, Y(t,0):= (T — t)[l + (T —1)?cos? 9] sin 6. m

Proposition 4.8 Let Assumption 4.4 hold.
(i) The set value function V is uniformly continuous in (t, x) under the Hausdorf{f distance d in
(2.1). That is, for some modulus of continuity function p,

d(V(t,x),V(f,i)) < p(t =] + |x — x). (4.13)
(ii) The signed distance function rvy is also uniformly continuous in (t, x): for the above p,

sup [ry (¢, x,y) —ry (7, %, y)| < 3p(|t — 1| + |x — X|). (4.14)
yeRm
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We note that ry is by definition Lipschitz continuous in y with Lipschitz constant 1.

Remark 4.9 [f we assume further that f, g are uniformly Lipschitz continuous in x and b, o, f are

uniformly HO’lder—% continuous in t, then following the same arguments one can easily improve

the regularity: both YV and rvy are uniformly Lipschitz continuous in x and uniformly Hdlder-%
continuous in t.

4.2 The dynamic programming principle (DPP)

We now establish the DPP for V. For 0 < r < T, x € R?, F!-stopping time © > 1, ¢ €
L2(F!,R™), and o € s, introduce:

T T
YEonne = ¢ 4 / flr XPHe ypotxe zudbxne o ydr — [ ZEPLXO R, (4.15)
S N

Theorem 4.10 Let Assumption 4.4 hold and V be defined by (4.2). Forany0 <t < T, x € R?,
and any F!-stopping time t > t, it holds

V(. x) = cl{Y,”‘l’?”x’“ Yo € Ay, ¢ € L2(FLR™) st ¢ € V(T X05%) as.}. (4.16)

Proof Without loss of generality we prove (4.16) only at (¢,x) = (0, xg), and for notational
simplicity we omit the superscripts *0. Denote the right side of (4.16) as v(O, X0).

Step 1. In this step we show that V (0, xo) C V(0, xo). Fix arbitrary yo € V(0, xo) and & > 0.
By definition of V (0, x¢) there exists @ = a® € g such that [yo — Y*| < &. Denote ¢ := Y*. It

is clear that Y = Yor"p;a and thus |yg — YJ’¢;a| < &. We claim that
¢ €V(r,X?)as. 4.17)

Then YOr P o V (0, x0), and by the arbitrariness of £ > 0 we obtain yo € V(0, xo).
We first prove (4.17) in the case that t = t is deterministic. Consider the shifted canonical
space: Q; :={w € C([t,T],R%) : w; = 0}. Forany w € Q,® € Q;, and & € L2(%7), introduce

(@ B @)s 1= wsljo ) + (0 + D) 1)(5),  E7C(D) 1= E(w B D).

Then it is clear that w ®; @ € , and £® € Lz(.’ff';) for a.e. w € Q. In particular, for a.e. w € Q,
we have a*® € #4,, and by (4.1) and denoting *>® := (y0*0:%)L@ for vy = X, Y, Z,

N N
X&H® = X (w) + /z b(r, X2, ab®)dr + /z o(r, X2 al®)dBL,
T T
Yrhe = g(x77"*) +/ S, Xpte, yphe zete aqp®)dr —/ ZdB,.
N N

This implies (4.17) immediately in the case T = .
Next, assume t is discrete, namely it takes finitely many values 71 < --- < ;. Note that

n n
p=Y2= Z Y ey V(r,X%) = ZV(t,-, X rmyy-

i=1 i=1

Since Yt‘;‘ e V(t, X;’lf), a.s., then it is clear that ¢ € V (7, X¥), a.s.
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Finally, for general t, by standard arguments one can construct discrete t, such that 7,, | t. By
above Y7 € V(tp, X7), a.s. Note that Y, X* are continuous in 7, a.s., and V is continuous in
(¢, x), then Y2 — Y7, V(1p, X7 ) — V(z, X7'), as. This, together with the fact that V(z, X7) is
closed, implies (4.17) in the general case.

Step 2. We next prove the opposite inclusion: V(0, x9) C V(0, xo). Fix arbitrary yg € ¥(0, xo)
and ¢ > 0. By definition of V (0, x¢) there exist @ = af € Ag and ¢ = ¢* € L2(F¢, R™) such
that |yo — Y{%%| < ¢ and P(E) = 1, where

E:={wecQ:¢) e V(r(w), X (w))}.
Our goal is to construct an & € ¢ such that
Y& - Yo% < Ce. (4.18)

Then |yo — Y&| < & + Ce. Since Y& € V(0, xo) by definition, then yo € V(0, xo).
We construct & by utilizing the desired regularities as in the standard literature. First let 0 =
to < --- < t, = T be a partition such that t; —t;_y < 2,i = 1,--- ,n, and let {O}n}jzl be a

partition of R and {Ol‘j }k>1 a partition of R such that the diameter of each O]’.” and Ol‘f is less
than . We now denote

Ef ={ 1 <t<n}, Ef:={pecOM. Ef:={Xe0Of}

- (4.19)
o=y tilgr. Eg:=ENENE?NEY where = (i, j.k). ‘
i=1
For any 6 = (i, j, k) such that Egy # @, choose w? € Eg such that
P({t > tg} N Eg) < e?P(Eg). where tfg:=1(0’). xq:= X% (0" (4.20)
Moreover, since ¢(a)9) € V(tg. xg), choose a? € Ay, such that
p() — yioree"| < ¢ 421)
We then construct & € g by: denoting a)§ =wy—w, 0<t <s<T,
Qs (w) = ar(w)1 (t) +1 O] 15, (@) () + aplge
? : ? [0,7: (@) [te(w),T] Eg t 0LE“ |
0
where the summations are over all 8 = (i, j, k) withi = 1,--- ,nand j,k > 1,and ag € A is an

arbitrary value.

Step 3. We now verify (4.18). First, for any 8 = (i, j, k) such that Eg # @, a.s. on Ey we have
7 = 1; > 1g and, denoting (X?, Y9, Z) := (xto-xea” yto.xea ztog.xo.a’)

t t
Xy =Xy +/t b(s,Xf‘,as)ds-l—/t o(s, Xg,a5)dBs, t €|ty t;].
]

[

t t
X¢ =X+ | b(s. X% al(B"))ds +f o(s, X% o (B"))dBs, €[, T].
t; t;
t t
X9 =xy +/ b(s,Xf,af(Bfe))dH/ o(s, X%, a®(B*))dBy, 1€ty.T].
to t

6

20



Since b, ¢ are bounded, and | X ;"9 —xg| < e ti —tg < &2, by standard SDE estimates we get

]Eg«:te[ sup |X?—Xf|2]§C82, andthenIEytg[ sup |X?—Xf|2]§C82.

tg<t<t; t;<t<T

Similarly, note that
A A T A A A T A
Vi =g+ [ rexEvizial s - [ Z8dB. teln Tl
t t
. N ti A A o,
Yy =Y/ —|—/ S, X& YX, ZS, a5)ds —/ Z¥dBg, t €|ty 1],
t t

T T
v =g(x%) + / fs.x8. 78,79 a8 (B"))ds — / Z%dB;, 1€ty T).
t t
Then, by (4.22) and standard BSDE estimates we have

Eg,

t;<t<T tg<t<t;

In particular, this implies that

|Yt°;‘ - Yt99| <Ce, as.on Ey.

By Assumption 4.4, one can easily see that ¥ ? Y% are bounded. Consider the BSDE:

~ tg 5 B o _
7=vp +/ f(s,xg,Yf,zf,ao)ds—/ Z9dBs, 1€ [tim1.1q).
t t
Note that Y, tg is deterministic, then so is ¥, and thus Z? = 0. Therefore,

- Io -
sup |V —Yf| < / | f(s.x9. Y2, 0,a0)|ds < C(t; —t;—1) < C&>.
Ii—1

ti_1<t=<tg

Moreover, note that Eg € ¥; and
. . lo YA A o,
Yf =Y +/ S, XX, YX, ZS, ag)ds —/ ZY¥dBg, te€[ti—1,1g).
t t
Compare this with (4.24), by (4.23) and standard BSDE estimate we have

Ef‘rl: sup |Yt&—17,9|2]§C82, a.s.on{t <tg}N Ey.

T<t<ty

Then
Y& —Y2 < 1¥E -V + 178 —¥)| < Ce. as.on{r <19} N Eg.
This, together with (4.19) and (4.21), implies that, for a.e. w € {t <1y} N Eg,

Y& () — p()| < [YE () = Y| + 1Y) - p0%)] + (%) — ¢(w)]| < Ce.
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Note that { Eg} form a partition of £ and P(E) = 1, then by (4.20) we have

P(|Y] —¢|> Ce) <) P({v > 15} N Eg) < ) &P (Eg) = &>,
0 0

Note again that Y% and ¢ are bounded. Then

E[|YE —¢|?] < Ce2 + CP(|YE — ¢| > Ce) < C&2. (4.25)
Finally, note that Y, t& = Y,r’Yg ;a, 0 <t < t. Then, by (4.25) and standard BSDE estimates we
have
]E[ sup |Y& — Y,”¢;“|2] < Ce2
0<t<t
This clearly implies (4.18) and hence completes the proof. |

5 Set-valued HJB equations

We now derive the set-valued HJB equation for V, as usual by combining the DPP (4.16) and the
Itd formula. Given (¢, x, y), «, and tangent fields &, £, consider the system starting from (z, x, y).
First, by 1t6’s formula we have Tffs eVt +46,X f‘+ 8); Next, setting 7 := ¢ + § and ¢ := Tffb’

in the DPP (4.16), we have Y,¢’°‘ € V (¢, x). Here we are using simplified notations. Then it follows
from straightforward calculation that

T
Yo —y = IE[/ [0:V + hy + s]ds],
t

for some appropriate iy which will be defined later. Unlike standard optimization problems, here
Y™ — y is a vector, thus one cannot obtain a desired 0 by optimizing over all o (and/or all ¢). Our
remedy relies on the following crucial observation’: since y € Vj(t, x),

.1 /
lim — sup ny(,x,y)-(y —y) <0. (5.1
808 yrev(r,x),|y—y|<b

Moreover, by optimizing over all « and all ¢, where the latter effectively means to run over all £
and ¢, we may obtain 0 at above. Thus formally we have: noting further that ny - £ = 0,
— 1 1 ¢,Ot — —
0= sup lim - ny-[Y,”" —y]= supny- [B,V + hy + é] = supny - [B,V + hv].
w80 0 @£l @t

That is, by focusing on the boundary points, we are actually considering scalarized optimization
problems along the direction ny.

"When V(t, x) is convex, we have the stronger inequality:  sup (¥’ — y) -ny (¢, x,y) <O0.
y'ev(t,x)
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We are now ready to present the set-valued HIB equation precisely. For (¢,x,y) € Gy, z €
R™<4 e (RE*4)" g e A, ¢ € (Ty(t,x,y))?, inspired by (3.2) in the Itd formula and (4.16)
we introduce the Hamiltonian function Hvy:

1
Ky, x,y,a,0):=tr (gTaan(z,x, yvyo(t,x,a) + Ei—raynv(t,x, y){')nv(t,x, )

1
h%,(t,x, v.z,y,a,C) :=zb(t,x,a) + Etr (GT)/G(Z, x,a))— Kvyl(t,x,y,a,%);

hy(t,x,y,z,7,a,0) =W (t,x,y,2,y,a,0) + f(t,x,y,z0(t, x,a) + ,a);

Hy(t.x,y,z,y) = sup ny(t,x,y)-hy(t,x,y,2,.a,0);
a€A,;e(Ty (t,x,y))?

(5.2)

We note that, in the scalar case: m = 1,thenn = 1 or —1, and Hy reduces to standard Hamiltonian
functions. See Remark 5.1 (i) below.
Our set-valued HJB equation takes the form:

EV(t,x,y)=0, V(t,x,y) € Gy, where

(5.3)
EV(t,x,y):=0;V(t,x,y) -ny(, x,y)+ Hv(t,x, Y,0xV(t,x,y), 0xx V(¢, x, y)).
Equivalently, by (2.4), (2.20), (2.22), (2.23), we may rewrite the above equation:
- LT T T
Viry + inf [erv -b 4+ —tr (0 Vixryo + 20 Vyyryo + ¢ Vyyrvé‘)
a€A,te(Ty (t,x,y))4 2 (5.4)

—Vyry - f(t.x, 9, —Vyry (Vary) o + {,a)] —0, (t,x,y)€Gy.
Remark 5.1 (i) For the scalar case as in Remark 4.1, by (4.3) we have

Vp(t,x) = {v(t,x),v(t, x)}, n(,x, v, x)=-1, n(, x, v x)) =1,
Ty (s, x,v(,x)) = Ty (¢, x,v(, x)) = {0}.

In the neighborhood of y = v(t, x), we have ry (t,x,y) = v(t,x) — y and n(t, x,v(t, x)) = —1.
Then (5.4) reduces to the standard HJB equation for v:

1
Viv + inf [ny b+t (0T Vixvo) + f(t,x,, (ny)Ta,a)] = 0.
ae

Similarly, in the neighborhood of y = v(t,x), we have ry(t,x,y) = y — v(t,x) and
n(t, x,v(t,x)) = 1. Then (5.4) reduces to the standard HJB equation for v:

VU + sup [va b+ %tr (aTVxxva) + f(t. x.7, (Vxﬁ)To,a)] =0.
acA
(ii) Although rv is scalar, we emphasize that (5.4) holds true only on Gy, and the set Gy is
in turn determined by the solution rvy. So (5.4) is actually quite involved, and we can not apply the
standard PDE theory on it.
(iii) It is clear that V (T, x) = {g(x)} is degenerate, so we do not require the smoothness of Y
at T'. See Definition 2.10 and the paragraph above it. |
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Remark 5.2 Note that Ky relies on { quadratically, and the space of { is typically unbounded.
This is associated with the fact that the PDE (A.7) in the proof of Proposition 4.5 is quadratic in z,
and is related to the convexity of V in Proposition 4.5.

(i) In the scalar case: m = 1, we have Ty (¢, x,y) = {0} forall (¢t,x,y) € Gy. Then this issue
is trivial. Indeed, in this case the set-valued PDE reduces back to the standard HJB equations, as
we saw in Remark 5.1 (i).

(ii) For m > 2, recall Remark 2.8 (iii) that 0yny = Vy,ry is symmetric and 0 is an eigenvalue
with eigenvector n. At any fixed (t,x,y) € Gy, let Ay < --- < Ay—1 be the other eigenvalues.
When [ has linear growth in z, which is implied by the Lipschitz continuity, and A1 > 0, then
clearly Hy < oo. In this case VY (¢, x) is strictly convex.

(iii) When f has linear growth in z, one may easily derive from Hy < oo that A1 > 0. Thus,
our classical solution V has to be convex.

(iv) When [ has quadratic growth, this convexity is not required, as we saw in Example 4.7. We
shall remark though such quadratic growth violates Assumption 4.4, which is assumed for technical
reasons and can be weakened. |

Remark 5.3 Consider Remarks 2.3 and 2.4 again with x € R. One can show that, roughly
speaking, V satisfies the fundamental theorem (2.14) if and only if 0,V := —Vyryny + (o for
some appropriate field (o taking values in the tangent space Ty. So, by restricting 9,V (x, y)
to be parallel to ny (¢, x,y), we see that 0xY := —Vyryny is the unique choice. If we re-
lax this requirement, then we may define 05V alternatively by choosing certain oy, denoted as
BEOV. This choice of ¢y will not affect our main results though. Indeed, one can show that
nTaf&V = n'0y,V — §J8xn — dxn' &y — E(—)raynfo. Thus, in the set-valued Ito formula, the
presence of Co will only lead to a different choice of (&, ) in (3.2). Then, by taking the supremum
over C, the Hamiltonian Hvy in (5.2) will remain the same. Consequently, the set-valued PDE (5.3)
also does not depend on .

Finally, due to the local geodesic property in Proposition 2.5, throughout the paper we fix {o = 0
so that 0,V is align with ny. |

We now turn to the wellposedness of (5.3). We first define classical solutions rigorously.

Definition 5.4 (i) Let Col’z([O, T) x R4; DI') denote the set of V € Cc12([0,T) x R4; D) such
that, for any Ty < T, the eigenvalue A1 of dyn(t, x, y) in Remark 5.2 (ii) has a lower bound ct,, > 0
forall (t,x) € [0, To] xR?, y € Vy(t, x). That is,

tr (éTaynv(r,x,y)z) > cpplt? V(t.x) €0, To] xR?, y € Vy(t.x). ¢ € Ty (¢, x.y)(5.5)
This implies that Hy (-, 0,V , 0xx V) is finite and uniformly continuous whenevert < Ty.

(ii) We say V € Col’z([O, T) x R4: DI") is a classical solution to (5.3) if it satisfies (5.3) for all
(t,x) €[0,T) x R? and y € Vj(t, x).

We shall provide an example in Example 6.4 below. We next establish a crucial estimate, whose
proof is postponed to Appendix.
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Lemma 5.5 Let Assumption 4.4 hold and YV be defined by (4.2). Assume V € Col’z([O, T) x
Rd;{l)g’). Fix To < T and xo € R?. Lete,8 > 0 and a € Ao be such that [rv (0, x0, Y§¥)| <
e, where (X%, Y% 7% = (X%¥0.® y0.xo.a 70.X0.%) yre defined by (4.1). Then there exists a
constant Ct,, which may depend on Ty but not on ¢, 8, o, such that

IP’( sup [ry (1, X%, Y)| > 8) <Cp, \/E (5.6)
0<t<To ]
In particular, if Y§' € Vp(0, xo), then Y* € Vp(¢,X7),0=<t <T, a.s.

The main result of this section is the following theorem.

Theorem 5.6 Let Assumption 4.4 hold and V be defined by (4.2). Assume V € CO1 ’2([0, T) x
RY: D). Then 'V is a classical solution of (5.3) with terminal condition V (T, x) = {g(x)}.

Proof It is clear that V(7, x) = {g(x)}. Without loss of generality, we shall verify (5.3) only at a
fixed (0, xg, yo) € Gy, and for notational simplicity, in this proof we omit the supscripts %*0-Y0 and
the subscript y in r,n, w. We proceed in two steps, following the ideas in the standard stochastic
control literature, but by adopting the scalarization with n as explained in the beginning of this
section.

Step 1. We first show that £V (0, x¢, yo) < 0. For this purpose, we fix an arbitrary a € A and let
X% := X%%0:% be defined by (4.1) for constant control process & = a. Moreover, we fix arbitrary
£¢ [0, T] xQxR™ - R™,i = 1,---,d, which are F-progressively measurable, bounded,
continuous in ¢, uniformly Lipschitz continuous in y, and £(t, w, ), {i (t, @, y) € Ty (t, X (w), y)
forall y € Vi(t, X (w)), for dt x dP-a.e. (t,w). Denote { = ({1,--- ,{y) and consider the SDE:

t
Yo =y +/ [0:V + A (. 0xV, 02 V. a, &) + £](s, X& 050 )ds
o, (5.7
+/ [0xVo(.a)+ E](S,Xf, Tsa’f’g)st.
0

Applying the Ito formula Theorem 3.1 we have Y} SR Vp(t, X7),forall0 <t <T.
Now for any § > 0 small, consider the BSDE (4.15) with terminal condition (§, ng,é,é):

8 §
Yt&a,égf _ Tb,a’é’; +/ £, Xf, YS8,a,S,§, Z;S’,a,’c',é"a)ds _/ Zf’a’g’tst,O <t <$6. (5.8
t t

Since Y% € Vj (8, X£), by the DPP (4.16) we see that Y2 *“*% € V (0, xo). Denote

AYS =y oS P AZS = 25 8,V (a) + £ X2 TR,
Then, by (5.7) and (5.8) we have

8 §
AY} =/ [atv+hv(-,axv,axxv,a,§)+g](s,Xg,T;’ff’f)ds—/ AZ8dB,
t t
8
+f [f(s,xg, yJ a8t z8atl gy f(s, x84, vSa88 — AYS z5a8t _ Azf,a)]ds
t
$ 8
=/ [B,V—I—hv(-,axv,axxV,a,{)+§](s,Xf,Tf’§’§)ds—f AZ8dB,
t t

8
+/ [bsAYf +5sAZf]ds,
t
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where b, G are appropriate IF-progressively measurable bounded processes. Then, for the I defined
by (3.9), we have

8
FAYS = R0V 4 hy 0V, 00 V0.0 + €], X2 TEE s
t
§
—/ I,[AZ8 + AYP 5] - dB;.
t

In particular,

8

AYS = E[/ Ts[0:V + hv (. 0xV,0xx V.a, ) + £](s. X2, T;’f’f)ds]. (5.9)
0

Given our conditions, it is clear that |AY6S | < C4&, which implies that Slim Y(f @bl Yo. Since

-0
Y(;S,a,s,g € V(0, xp) and yo € V(0, xp), then it follows from (5.1)® that:
— 1
lim —[n(0, xo, yo) - AY$] < 0. (5.10)

§—096

Now by (5.9) and the desired continuity of Iy, X a, Yy ,S,t’ & in s as well as the desired regularity
of all the involved functions in (x, y), we have

1 5
0 = fim (B[00 50300 [ Fuf0rV by .0V, 00 V.0 0) 4 ] X X8 ds]
g 0

— 1 5

= lim —[n(O,xo,yo)-/ |:8tv +hV(', 8xV, axxv,a»é‘) +$:|(0’x0’ YO)dS]
§—0 96 0

= n(o’ xO’ yO) : I:atV + hV(', axV7 axxv,a, ;)](09 xO’ )’0),

where the last equality is due to the assumption ¢ € Ty. Now by the arbitrariness of a, { we obtain
iV(O, X0, y()) <0.

Step 2. We next show that £V (0, xo, yo) > 0. This step is more involved, because one needs
to construct approximately “optimal” «, ¢, £ to make the inequality (5.1) essentially reaching 0. For
this purpose, fix Tp < T, and throughout this proof, the generic constant C may depend on Tp.
Since V € C1:2([0, To] x RY; D), there exists g9 > 0 such that r € C12(0L(Gy); R), where
OgTOO(GV) = {(t,x,y) € [0, To] x R? x R™ : |r(t, x, y)| < €o}. Fix a sufficiently small constant
e > 0. Since yg € Vp(0, x9), there exists @ = a® € #¢ such that

7(0,x0,Y§) = yo and |yo—Y§| < &*,
where (X%, Y%, Z%) = (X0¥0.« y0.x0.¢ 70.%0.¢) are defined by (4.1). Define’

Ti=Teq 1= inf{t > 0: |r(t, X&, Y¥)| > 2} A To.

8We emphasize that here we are using (5.1), rather than the stronger inequality in Footnote 7 for convex sets. That is,
although our set values turn out to be convex, the arguments here do not rely on this convexity.
9Since we are using the augmented filtration, the t here is an F-stopping time.
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By Lemma 5.5 we have
o4
P(t <To) <P( sup [r(t. X} Y7)|>e*) <Cy 5 =Ce. (5.11)
0<t<Ty &€
Step 2.1. Introduce two random fields:
Cl(y) = Z;‘x - axVU(Z»X?,J’»Olt),
St(y) = _[8IV + hV('7 8xVa ax)cV, O, Zt)](tv Xa7 y)-

Then we may rewrite the BSDE for (Y%, Z%) forwardly:

(5.12)

t
YY = Y§ —|—/ [8;V + h%,(., 0xV,0xxV, a5, 0) + S](s, X% Y®)ds
0
t
+/ [0xVo (-, a5) +C](s. XS Y)dBy.
0

We note that, if Y* € Vp (¢, X7¥) and {;(Y/), & (Y) are in the tangent space Ty (¢, X, Y,*), then
by the optimality of Hy we have £V (¢, X/, Y*) > —n(t, X7, Y[*) - & (YY) = 0, which is the
desired inequality. In this and the next substeps, we shall prove these properties in approximate
sense.

Denote 7y := 7 (¢, X, Y). By (3.5) and (3.6), similarly to (3.7) and (3.8) we have,

dr(t, X, YE) = [v(e, XE Y, —n £, X7, 7w |dr

(5.13)
+[r( X2 Ve 0T X ) |dB, 01 <7,
where b, & are F-progressively measurable and satisfy: for some constant C = Cr,
6l < €. b < C[1+1Z2]. (5.14)

Recall the process [ defined in (3.9), we have
(0.0, Y§) ~ For(e. X2 Y = [ Fan- 6. X3 x0)ds + [ FonT¢(s. X0 n)dBe. .19
0 0

Moreover, by Assumption 4.4 one can easily see that Y% is bounded, then fom' Z%dBg is a BMO
martingale, and thus there exist cg, C > 0, such that (cf. [30, Section 7.2])

T
E[exp (Co/ |Z§‘|2ds)] <C < o0.
0
In particular, this implies that, for any p > 1, there exists a constant C;, > 0 such that

]E[ sup [|T4|2 + |ft|—1’]] <Gp. (5.16)

0<t<t
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Applying the standard Ito formula on |T,r(z, X2, Y)|?, by (5.13) we have
T
E[/ |anT§(s,X;",7r§‘)|2ds]
0
T
= E[[For(r. X2 YR ~ IrOuxo. Y§)P +2 | Fr(o, X5 ¥fm- 6. X2 n)ds |
0

T
<Ce*+ C82E[ sup |ft|2f [1+ |zg‘|2]ds] < Cé&2. (5.17)
0

0<t<t

Step 2.2. Introduce two processes
2 d
{5 1= (In — 0 ")Zs(nd) € (T (s, X 7))
és = _[atv + hV(" axV, 8xxV’ aS’ 25)](S’ X;tv n;!)
By (5.3), (5.4), and by Step 1, we have

(5.18)

0<—2V(s, X% 7% <n(s, X, 7%) - &. (5.19)

Then, by taking expectation on both sides of (5.15) we have

T

T
_E[[ fS$V(s,X;",n§‘)ds] < E[/ rsn(s,xg,ng).gsds]
0 0
T - T - N
<E[ [ funts.xgx0) - guds| + B[ [ ol - &las]
0 0
~ r ~ A
— E[r(0.x0. ¥§) ~ Fur(r. X2, Y0 |+ B [ ol — lds].
0
Recall Remark 2.8 (iii), we see that tr (nn"¢) Tdyn(nn ' ¢)) = 0. Then, by (5.2),
€ — &l < CInT¢(s. X2, 7).
and thus, by (5.17),
T - T - N
—IE[/ rsxV(s,X;",n;’)ds] < ]E[/ an(s,Xf‘,n;")-Ssds]
0 0

T
< E[r(0.x0. Y§) - Tor(e. X2, Y] + CE[ | FulnTg(5. Xm0l
0

T 1/2
<Ce? + C(E[/ ITnT (s, X;",n;")|2ds]) < Ce. (5.20)
0

Step 2.3. Fix another small constant § > 0. Since £V < 0, by (5.11) we have
TAS ( _ )—i—

1 d—1
2V (0.x0.30) =E[ — = [ £V(0.x0. yo)ds — =—=—EV(0.x0. o) |
0

1 TAS 5 T
- /O Py £V (s, X8, 1)ds | = V(0,50 y0)E[ (1 = Dlgesy ]
TAS

1 -

+51E[/0 [Fs LV (s, X2, 7 —;ﬁV(o,xo,yo)]ds]
Ce

< __
=75

—i—IE[ sup ‘f‘,iV(z,X“,nf‘)—QCV(O,XO,J’O)}]-

0<t<TAS
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Since V e CY2([0, Tp] x R¥; DI"), Hy is bounded and uniform continuous. Then, for some
modulus of continuity function p we have

c _
—LV(0, xo, yo) < 78 + C]E[ sup  [IF — 1] + p(8 + |X& — xo| + 7% — y0|)]]. (5.21)

0<t<TAS

Recall (3.9), (5.14), and (5.16), we have

E[ sup |Fi—1]]<E[ sup [(ft+1>(|/Otas.d3s|+/0t[|5s|+§|6s|2]ds)]

0<t<tAl 0<t<tAl

scvive(e[([" i) = cvirevae] [ 1zera) = c B

IE[ sup |Xf‘—x0|]§C\/g;

0<t<tAl

IE[ sup |nf‘—y0|]§C82+IE[ sup IY,a—y0|]

0<t<tAl 0<t<tAS
TAS 1
SC[82+\/§]+CE[(/ |Z;"|2dt)2].
0
Then (5.21) implies

—LV (0, x0, yo)

IA

. L C
C[g+\/§]+cp(8+85)+8—11E[ sup [IX?—XolJrIﬂ?‘—on]]

3 0<t<TAS

IA

C TAS 1
C[5+V5+p6+6%+ s *f] —IE[(/ |Z¢2dr)? |5.22)
§3 53 0
Step 2.4. Recall (5.5) and (5.19). Then by (5.20) we have

TAS
Ce=B[ [ Fants.xeont)-beds] = B[ [ BTGP - Clal - Clas].
0 0
This, together with (5.16), implies that

TAS

L A
IE[/ Fs|§s|2ds] < Cle+ 9. (5.23)
0
By (5.12) and (5.18) we have
1Z8] <16+ C < &l + InT ¢ X7 7] + C.
Then, by (5.17), (5.23), and (5.16), we have

TAS

]E[(/Omg Z8Pdi)*] < C V5 + C]E[(/O [62 + In- £ X 28 21dr)

. L A 1
<CV§+ C]E[( sup r,—1/ ISRk
0

0<t<rt

D=

]

+(swp T2 [ F2in- 0. 70 Plar)]
0<t<t 0
LI T %
<CV5+ C(E[/ IIARRY +/ F,2|n-§(t,X“,7rf‘)|2dt])
0 0
1
<CVE+C(e+8+¢%)2 < ClVe + V3.
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Plug this into (5.22), we get

—2V(0, xo, y0)<C[ VB4 pE 483+ 8 [Ve + V3.

2 4+ \/_] Cc
§3 51
By first send ¢ — 0 and then § — 0, we obtain —£V (0, x¢, yo) < 0. |

6 The uniqueness of the classical solution

We now turn to the uniqueness of the classical solution, including the verification result.

Theorem 6.1 Ler Assumption 4.4 hold and ¥V be defined by (4.2).

(i) Assume U € COI’Z([O, T) xR¥; DI is a classical solution of (5.3) with terminal condition
V(T,x) = {g(x)}. Then U =V, and consequently (5.3) has a unique classical solution with
terminal condition {g(x)}.

(ii) Assume further that the Hamiltonian Hy (-, 0x U, 0xxU) has an optimal argument:

*= 1Y% x.y)ed, =18t x.y) e (Tul.x. y)?.
Moreover, recall Remark 2.1 and denote

V%, y) = = [0 + hy (0.0, 00, 1P 19) | 0%, 9):

6.1
12(t,x,y) .= (Ly —nyng) 13 (¢, x, y);
and assume, for given (0, xo, vo) € Gu, the following SDE has a strong solution:
¢ t
X =xo+ [ bC.IV)(s, XX, YF)ds +/ o (. I9)(s, X}, YF)dBy:
0 0
t
Tt*:yo—i-/ [8;U+h (,0xU, 0xx U, II,I )+ 15 }(s L Y9)ds (6.2)
0

t
+/ [0xUo (-, I0) + 17 1(s, XX, Y})dBs.
0

Then, for o) = IU(I,X*,T,*), we have Yto’xo’a* =Y} € Vp(t,X}), 0<t <T,as In

particular, YO XOET — 0.

Remark 6.2 From Step 2 in the proof, especially (6.6) below, we see that (6.2) actually becomes
the following simpler and more natural SDE:

t t
X =x0+/ b(-,IlU)(s,X;‘,T;‘)ds+/ o( I9)(s, X}, YF)dBs;
0 0
t
X7 =0 [ S 0xUoC )+ 1P 106 X7 X ds (6.3)
0

t
+f [0, Uo (- I0) + 1P )(s. XX, Y})dBy. -
0
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Remark 6.3 (i) Under the setting of above (ii), the o™ is an optimal argument (at least locally) for
the scalarized optimization problem: sup e 4, 0(0, xo, yo) - Yoo’xo’a. We refer to Subsection 7 below
for more detailed analysis along this line.

(ii) When o is nondegenerate, by (6.3) we have

t

X7 = ot [ [[0cUot 12+ 1F107 1) o X5 TN
t
~ [ [FC0UoC 1P+ 12 10) + [0 1) + 170 b 1) ]G5, X5 Y
0

Then we may write Y} as a function of X [”6 ;p thus as a closed loop control af = a*(t, X ["(‘) z])

is path dependent. Such path dependence appears often in multivariate setting. However, we note
that (X*,Y*) is jointly Markovian, so by adding the state Y*, the optimal control a* becomes
Markovian, or more precisely state dependent. Therefore, the above verification theorem does help
to construct Markovian optimal controls in this sense. |

Proof of Theorem 6.1. We proceed in three steps. Denote T := T — § for § > 0 small.

Step 1. We first show that V (0, xg) C U(0, x¢). By the same arguments, we can also show that
V(t,x) c U(t,x) forall (r,x) € [0, T) x R?.

Fix § > 0 small and o € 4. Denote (X%, Y% Z%) := (X%¥0.¢ y0.xo.@ 70.X0.2)  Gince
V(T,x) = {g(x)} = U(T,x), by Assumption 4.4 and the continuity of U, there exists ¢5 €
L2(F7y) such that ¢5 € Up(Ty, X%S), a.s. and

E[|YF, — ¢s|°] < CE[|Yf, — g(XP)|* + |g(XF) — (XD + |5 — g(XF)?] = 0.(6.4)

as § — 0. Recall (4.15) and set (Y%%, Zz%8) = (yTs:#s:0.x0.@ 7Ts5.65:0.0.2) = Then by the
standard BSDE estimates we have

Jim Y& —yg =o. (6.5)
As in (3.5), by standard Itd’s formula, we have

dry (6, X8, Y20 = A, X2, Y25, 228 ayydt + Z*°dB,,  where

AN:=Viry +Vyry-b—-Vyry - f + %tr (UTVxera + 2ZTnyI'UO' + ZTVyyrUz);

7% .=V ryo + (VyrU)TZ“"g.
Denote

nf‘"g =y, X7, Yta’a), Z?’S = Z?"S - nUn;IrJZ;x"g.

Then, by (3.6) and since U is a classical solution of (5.3), we have
A XY 7% 9, U0 + (%0 ay) = —ny [0, U + hy (6, X, 7%, 0, U, 85, U, 0, £2%)] > 0.
Note that, for appropriate processes b.G,

AW XE Y2 7288 ) — A, XS, 7% 0, Uo + £2% a,) = —[byry + 6, 28],
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Here, due to the regularity of U € C12([0, T5] x R¥; DI"), as in (3.7) there exists a constant
Cs > 0, which may depend on &, such that for 0 < ¢ < Ty,

b < Csl1 + 12%%12. 16:] < Cs[1 + | 224)].
Then, for the T in (3.9) we have

d(F,rU(t X, y® 5)) = Ty A X%, 7%, 0, Uo + %% a)dt + T(Z%% — ryé,)dB,.

Since r(Ts, X7, Y;fs"s) =0, a.s. then,

Ts

ru (0.0, Y5 = <E[ [ FiaeXE a0, U0 + 5% an)] <0
0

That is, Y(;)"‘s € U(0, xp). Send § — 0, by (6.5) and the closedness of U(0, x¢), we have Y €
U (0, x9). Moreover, since a € +y is arbitrary, we obtain V (0, x¢) C U(0, x¢).

Step 2. We next prove (ii) and show that in this case U (0, xg) C V (0, xg). Indeed, consider
an arbitrary yo € Up(0, xo). First by the Itd formula Theorem 3.1 we see that Y;* € V,(z, X;),
0 <t < T,as. In particular, this implies Y7 = g(X7). Note that, by the optimality of /, U v U

hu (05U, 0xx U TP 1P) (s, X0 = Hy (05U, 00U TP 1P (s, X5 0)).
Since U satisfies the PDE (5.3) and by (5.2), at (s, X;*. Y;) € Gy we have
ny -1y =0, U +hd (0,0, 0::U 10, IP) + I = —f(,0xUa (- 1) + 17, 17).(6.6)

This implies that YO 00" — = /. In particular, yo = Yj = Yoo’xo’“* € V(0,x0). Thus
Uy (0, x0) C V(0, x0), which implies that U (0, x¢) C V (0, xp).

Step 3. We now prove U (0, x¢) C V (0, x¢) in the general case, without assuming the additional
conditions in (ii). As in Step 2 of Theorem 5.6, this step is more involved than Step 2 above, because
it requires to construct approximately “optimal controls”. Fix (0, xg, y9) € Gy and § > 0. Since
U e C12([0, Ts] xR¥4; DJ'), we assume ry is smooth in O,STO‘S (Gy) for some g9 > 0. In the rest of
this proof, let Cs be a generic constant which may depend on §, more precisely on the cry in (5.5)
and the regularity of U on [0, T5] x R¥.

Since U satisfies (5.3), by (5.5) there exist ag € A and EO € (Ty (0, xo, yo))d such that

L% <Cs and 0 < -—ny-[3;U + hy(,0xU, 3xx U, do, {*)](0, xo, yo) < 8. (6.7)
Set tp := 0, oc,l = ag, 0 <t < Ty, and define

X} =x0+ /b(sX 1)ds+/ o(s, X, a)dBy, 0<t<T;.

Recall Remark 2.1 and introduce random fields (&1, ¢1) 1 [0, Ts] x  x R™ — (R™, R™*4).

G (y) = —nuny . X! y)., £ () =E ) - u-&nu@ X} y).
where  £}(y) := —[3,U + hy (- 3xU, 05 U, o', ¢H](2, X1, ).
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Then £ (y) € Tu(t. X}, ). £ () € (Tu (. X2 y)?, Vy € Up(t. X}), and £, ¢ are uniformly
Lipschitz continuous in y, with a Lipschitz constant depending on §. Consider the SDE:

t
T! = yo + /0 [a,U + h (05U, 05, U, ), £)) + 51](s,X;, Thds
t (6.8)
+/ [axU(s,X;,T;)a(s,X;,a;) + ;;(T;)]st.
0

By the It formula Theorem 3.1 we have Ttl € Up(t, X tl), 0<t< Té. Note that (6.7) implies
ny (0, X1, T(}) . é& (’Y‘(}) < 8, and by our construction, a!, ¢! and hence £! are continuous in . We
then set

. inf{t > 7o nm(t,th, Ttl) . gtl(Ttl) > 28} NTs.

Next, on {r; < Tj}, by measurable selection theorem, there exist F7,-measurable random
variables @! € A and é‘,ll € (Ty (1, X} Ttll ))4 such that

71 71’
L1 <Cs and 0<-ny-[0;U + hy(.0xU,0xx U, &l . )](m. X7 . TL) < 6.

T1°

Seta? = o?%l, 71 <t < Ty, and define

t t
th = X,l1 —I—/ b(s,st,ozSZ)ds —I—/ o(s,st,asz)st, 11 <t <Tsy.
T] 71

Similarly introduce, for 7; <t < Ty,
G2(y) == (L —nung)CL . X7, ). €2(y) == (Ln — nun)E (»nu ¢, X7, ).
where  E2(y) i= ~[0,U + hy (-0 U. 9 U, 02, £2)] (1. X2, ).
and consider the SDE:
t
2=} +[ (00U + W (02U, 0220 02, 82) + 82 (s, X2, YD)l
1

T
+ / [BxIU(s, X2, T2)0(s. X2,02) + ;3(T§)]d3s.
7
Then Y? € Up(t, X?), 71 <t < Ty, and we may set
= inf{t > 1y :ny(t. X2, Y2) - E2(Y2) > 25} ATy
Repeat the arguments, we obtain a sequence (7, «”, (", é”, EM. X", Y"), n > 0, satisfying

the desired properties. We first show that 7, = Tjs for n large enough, a.s. Indeed, on Eg :=
Nn>1{tn < T}, we have,

nU(Tn,Xrn, Trn)'é,?n(Trn) 58, nU(Tn+1’XTn+1’TTn+1)'§?n+1(TTn+l) :28, Vn.

Then, for any n,

SP(ES) = EHHU (Tl’l-l—l? Xl’n-H ’ Tfn—i-l) ' g::ln_i_l (T'En—i-l) —ny (Tnv Xl’n’ Tl’n) ’ g'?n (Tfn)

|
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Send n — oo, by the desired regularity and in particular |{| < Cg, we obtain P(Eg) = 0.
We now define

(at9€t7Xt’ Tl"gt) = (a?’§?7X;z7 T?aé?)y t e [Tn:fn-i-l),n - 07 17“' .
Note that X7, := lims4 7, X; and Y7, := lims4 7, T; are well defined. Define
Z[ = 3xU(t,Xt,Tt)0(t,X,,a,)+§‘,(T,), Ny := [nU'gt]nU(I,Xl,Tt), Ofl <T8
Then, || < 26, and by (5.2) and (6.8) we have

t t
Y = yo _/ |:f(s’X59TSaZSaO{S) + ns]ds +/ ZsdBg, 0<t<Ts.
0 0

Equivalently, we may rewrite it backwardly:

Ts

Ts
Y = Yrg +/ [f(s,Xs,Ts,Zs,as) + ns]ds —/ ZsdBs, 0<t<T;.
t t

Compare this with (4.15), by standard BSDE estimates we have

Ts,YT530,x0,00 Ts,Y7530,x0,00

_ 2 _ _ 2 T 2 2
lyo — Y, > = |To— ¥, §C]E[ il ds]fC(S. (6.9)

Finally, fix an arbitrary ax € A, and extend « with a; = ax«, t € [T, T]. Since V(T,x) =
{g(x)} = U(T, x), by Assumption 4.4 and the continuity of U, similarly to (6.4) we have

E[|YF — Y1,]?]
< CE[|Yf, - g (XD + [g(X§) — g(X§)P + 117, — g(X$)12] < 008),

for some modulus of continuity function p, independent of . Then, by standard BSDE estimates
again,

Ts,Yrg30,%0,0 2 Ts,Yr530,%0,0 TS’Y%,;?OaxO’“ 2 2
Yy ~Yg" =Y, ~Y, <E[|IYF, — Y5, *] < p(3).

Combine this with (6.9), we have

lyo = Y§'| < C8+ v/p(§).
Since Y € V(0, xo) and 6 > 0 is arbitrary, we obtain yg € V (0, xo). |
We conclude this section with a simple example where V is indeed a classical solution.

Example 6.4 Setd =1, m =2 A=1{a €R?: |a| <1}, and
b=0, o=1f=f%x) +a,

where f° and g are smooth and bounded. Then it is straightforward to check that
VY, x) = {y eR?: |y —w(t, x)| < T—t},
where w = (wy, wz) " is the classical solution to the following heat equations:
Viw; + %Vxxwi + fio =0, wi(T,x)=gix), i=12.

We shall prove in Appendix that V € Col’z([O, T)xR; 1)22), and the conditions in Theorem 6.1 (ii)
hold true. Then it follows from Theorems 5.6 and 6.1 that V is the unique classical solution of the
HJB equation (5.4). |
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7 An application: the moving scalarization

Recall Remark 4.2, in particular (4.4) and (4.6) for the mean variance optimization problem. This
problem is time inconsistent in the following sense. Consider the general setting (4.1) and (4.2).
Given (0, xo) and ¢ € C(R™;R), let af"o T] be an optimal control for the problem

Vo:= sup p(Yy" %) = sup  o(»). (7.1)
achg y€V(0,x0)

If we follow o on [0, 7] and denote X * := X} X0:2" Then o[, 7y is not optimal for the optimization

problem at ¢'°:

sup o(YPXOUTy = qup ().
o[, T] yevV(,X/[)

It was proposed in [16] to find a so called dynamic utility function ®(7,X[g;].y) such that
®(0, x9, y) = ¢(y) and a["; 7] remains optimal for the alternative optimization problem

t,X) o,
sup (0. Xpo . YT ) = sup @(1 Xy ). (72)
(.71 yev(.X[)

In Subsection 7.2 below we will find such an @ for the mean variance problem explicitly. In the
next subsection we first consider the case that ¢ is linear.

7.1 The linear scalarization

When ¢ is linear: ¢(y) = Ag - y for some L9 € R™, we require ® to be linear as well:
O(1,x[0,1], ¥) = A(t.X[o,]) - ¥. This A is exactly the moving scalarization proposed in [10]. That
is, we want to find A such that A(0, x9) = A9 and a["; 7] is optimal for the problem:

sup A(z, XEE),;]) . Y;’X’*’a[’j] = sup A, X[’BJ]) Y. (7.3)
o, T yeV(,X/)

Our set-valued HIB equation provides a solution to this interesting problem, provided that (5.3)
is wellposed in the sense of Theorem 6.1 (ii) and V (¢, x) is strictly convex. Consider a slightly more
general setting by letting A : R — R be such that A(xo) = Ag. Assume without loss of generality
that [A(x)| = 1 for all x € R?. Since V (0, x) is compact and strict convex, we may find a unique
optimal argument y; (x) € Vp(0, x) for the problem: V(0, x) := sup,cy (g, x) A(x) - y. Recalling
U = V, we construct X*, T*, a* as in Theorem 6.1 (ii) with initial data (0, x, y;(x)) € Gy.
Assume further that o € R¥ is nondegenerate, then as in Remark 6.3 (i) T* is FX *—progressively
measurable and hence there exists A such that

A(Z,X["(‘) ) = ny (¢, X, Y}). (7.4)
We argue that this A is a desired moving scalarization.
First, since A(x) - y2(x) = supy ey (o,x) A(x) - ¥ and [A(x)| = 1, we see that
A(x) =ny (0. x, yp(x)) = A0, x).

10Here we are using the notations heuristically. Rigorously we shall either consider ess sup in the left side or consider
X* and af;, 7] in a pathwise manner.

35



. . cen e, - x t’Xl*’a[*l,T]
Next, from the construction in Theorem 6.1 (ii), it is clear that Y, = Y,

V(¢, X/) is convex, by (7.4) we see that

. Then, since

LX7 g 7
At Xo) Y = AN Xy ) Y
= sup AL X[,y = sup A, X[, Y,t’X’ T
er(t,X,*) o[z, 7]

This exactly means oz[”;’T] is an optimal control for the dynamic optimization problem (7.3).

We remark that the mapping A : [0, T] x C([0, T]; R¢) — R™, which is path dependent in an
adapted way, is time consistent in the following sense. Consider the problem at time 0 with initial
condition (x,1). Let X* and A be as above, but denoted as X %**-* and A%% to indicate their
dependence on the initial conditions. Now fix 0 < ¢ < T, consider the problem on [¢, T'] with initial
condition X%%:4* and A0 (¢,-), we can easily see that the moving scalarization we find following

[0.7]
the same procedure coincides with the original A found at time O:

LXG AR )

0. A (s .
Xs [0.7] — Xg,x,l,*’ At,A (t’)(S,') — AO’A(S,'), t<s<T.

Remark 7.1 When V(t, X[") is nonconvex, as in Example 4.7, the A in (7.4) can be viewed as a
local asymptotic moving scalarization in the following sense:
A, X[’B’t]) Y > A, X["(‘)’t]) cy—o(ly="/]), VyeV( X/); orequivalently,

LXT LX} LX} LXF
* TV * A 50T A0 T] o, T
At X0 Yy > At XYy ~o(|Y; -7,

), Va[,,T].
[ |

Remark 7.2 (i) When the ¢ in (7.1) is nonlinear, since V (0, x¢) is compact, one may still find an
optimal argument yo € V (0, x¢) for the problem in the right side of (7.1). We emphasize that it is
possible that yo € V,(0, x9) and such yo may not be unique. Fix an arbitrary o° € Aq¢ and Z°, for
example a° = ag € A and Z° = 0. Denote X° := X0x0:2° g

t t

YtO = yo _/ f(s’ X_?’ YSOa Z?,Ol_?)ds +/ Z?dBS,
0 0
0 :=inf{t > 0: (t, X?,Y?) € Gy}.

It is clear that to < T and (t, X2,Y?) € Gy. Applying Theorem 6.1 (ii) on (v, X2, Y?) (assuming
all the conditions are satisfied) and following the measurable selection theorem we may construct
a* on [t9, T] with initial condition (t, X?,Y9). Then one can easily see that a® @, a* is an
optimal argument for the left side of (7.1). That is, Theorem 6.1 (ii) can help us to construct
an optimal control for (7.1) even when ¢ is nonlinear. However, in this case it is not clear how
to construct naturally a (nonlinear) moving scalarization ® as in (7.2). In particular, when ¢
has certain structure, for example the linear quadratic structure for the mean variance problem in
Remark 4.2, we may naturally expect ® to have the same structure, which will add the difficulty for
constructing a desired P.

(ii) For some nonlinear ¢, it is possible to linearize it through certain transformation. Indeed,
let Y be a diffeomorphism'' on R™ and set V(t,x):= {W(y):y eV, x)}. Then

sup ()= sup @(F). where ¢(F):= W ().
YyeV(2,x) 7€V (t,x)

I'\We refer to [13, Theorem A] for a characterization of diffeomorphisms.
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If one can choose  such that ¢ is linear, then one can apply the analysis in this subsection to find
a linear moving scalarization ) for V, which leads to a desired nonlinear moving scalarization
for the original V: ®(t, X[Rt], y) == o(t, X["(‘),t], v (y)). We remark that X* stands for X% for
some optimal control a®, so it remains the same after the transformation. However, in this case

ny (t, X/, Y}) does not lead to a desired moving scalarization. |

7.2 The mean variance problem

In this subsection we find a desired moving scalarization for the mean variance problem in Remark
4.2, by employing the idea in Remark 7.2 (ii). We first remark that in this case V is not bounded.
However, since V is explicit as in (4.8), we may still apply the results in Theorem 6.1 (ii).

Theorem 7.3 Consider the optimization problem (4.4) and introduce:

hel vx € C([0, T],R) s.1 [ | < Lot (1.5)
X y y S.1. su Xy — X —e . .
T = (% — %0) osier 0 T2

A(t,X[0,1]) =

Then the following dynamic mean variance problem is time consistent:

V, == ess sup {]E[ngm] NG X[*(‘)’t])Var(X%Wt)}. (1.6)
o
Here X* is the optimal trajectory for (4.4) and it satisfies supg<, <7 [X; — Xo] < %eT, a.s. More-
over, the optimal control and the optimal value are'>:
af ==X +x0+ fe’;
(7.7)
Ve=10+e )X+ 11— Txg + S (1—e 7).
Proof In light of Remark 7.2 (ii), we introduce an obvious diffeomorphism
Y(y1.y2) := (1. 52) := (1. y2 — [n1 ). (7.8)
Then, by (4.8) we have
V@ ={w0):y e VEn| ={0n. 52ty €R G2 = g1 ()01 - 02,
(7.9)

- . . 1

Vp(t.x) ={(1.52) 1 € R, F2 = 1) = )7}, where 1 (1) = —p——.
Note that V is convex, so the concern in Remark 7.1 is irrelevant and we are finding a true moving
scalarization. We shall denote y = (y1, y2), and for y € Vp(t, x), clearly it suffices to specify yi.
Moreover, recall (4.5) and denote Y := y(Y) = (Y'!, Y2), by the standard Itd formula we have

T T T
t,x,a,1 _ yit.x,«a t,x,a,l vi.x,,2 t,x,a,12 Zt,x,0,2
Y] = X7 —/ ZLxelgp, | V! _/ VA dr—/ ZL5e2qp,
s

s S

12The optimal control a™* is the same as the static optimal control in [21, Theorem 3.3 (A)], with the correspondence
af = XFul(t, X}). However, our V; is neither equal to the static optimal value nor to the dynamic optimal value in [21,
Theorem 3.3], except that at # = 0 it is equal to the static optimal value there.
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That is, in light of (4.1) and denoting Z = (z1, Z»),
J.x.5.2.a) = 0|2 (7.10)
Given (7.9), one can easily compute that

At §) = ng 6.5, 9) = - ["’2} (t,x,5), (t,x,5) € Gy,

where  ¢2(t,x,7) 1= 2¢1(1)(y1 — X),  ¢3:= /1 + 2]

Next, fix (t X, )7) € G and set Y (x') := (y1. ¢1(1)(n1 —x/)z)T, x" € R. Clearly Y(x) € Vp(x')
/) = (0, —¢>(t,x, 7)) . Then by (2.20) and (2.15) we have

(7.11)

amz,x,f)=(<o,—¢z> )i x. §) = 22 [gbzl}(t,x,f).

3

The right side of above and (7.11) provide natural extensions of fi and 9,V on [0, 7] x R x R2.
Then by (2.7) and (2.17) we may compute straightforwardly that, at (¢, x, y) € Gy,

1

v 2¢1 —2¢2 ~ 2¢1 = %
xxV = ¢3 |:1 _ |¢2|2i| axn - ¢3 |:¢2i| Byn - d)g ¢2 [1 ¢2] :

Moreover, as the tangent space is one dimensional, it is clear that

O

€Ty, x,y) <= o € Rsuchthat{ =g ¢1i|
K%

Then, recalling (5.2) and (7.10), we may compute straightforwardly that

ihg(t,x,7.0xV,0xxV,a,0)
~ o, @ S S 2T To =, LT o
=it [adx ¥ + T00V + 0.0a@x V)1 + 0T | - [ag o + 5 To50¢

¢2 _4 a2 1 ¢35 2 é1 .5
——(a+ —|— —

¢3 ¢3 % ¢§a ¢o) ¢3 alo — 4 —&5
- 2, b1+ a2 2(¢1 — ¢32)
_ —g[(l NG+ k- paa).

This is quadratic in (a, {p), and one may obtain immediately the optimal arguments:
Y 1
1V =at = 8500 () - ),
$2(¢1 — ¢3) ” v bo(d1 —p2) [ 1 (7.12)
o = W, andthus [, ={" = W |:¢2} ]

We next derive (6.2) for Vv, with the solution denoted as (X*, T*) = (X*, Y"1, Y*2). Since
by Theorem 6.1 we have Y € V, (¢, X}*), it suffices to specify the equations for (X *, Y*:1). Note
that, with (-); denoting the first component,

93 (40092  $2(h1 —3)
2 2
¢3 2¢1 2¢1¢3

(a Vo(. 1, )+12) (t,x,7) = = ¢1(1)(y1 — x).

38



Note further that fl = 0. Then, by recalling (6.3) in Remark 6.2 and (4.9), we have

t t
XF = xo+ / (1t g1 () (T — XF)ds + / (1 + 1 ()L — X¥)dBy:
0 Y (7.13)

1 t
T =xo + X[eT — 1]+ / d1(s)(YF! — X*)d Bs.
0
Thus:

* * 1 ! * * ! * *
Tl X = X[eT—l]—/O (1+ ¢r(s)(TH! = X! )ds—/o (Y1 — X*)dBs. (1.14)

Clearly we can solve this and hence (7.13) explicitly. More relevantly for the moving scalarization,
as in Remark 6.3 (ii) we may rewrite (7.14) as

1
T - X = X[eT— 1]—/

t

t
ax; —/ $1(s)(YF! — X¥)ds.
0

o 1+ ¢1(S)
Then, denoting I'; := oo ¢1(9)ds — :TT—__elt,
r(Y x5 = l[eT— 1]—/ti o T - 1]—/t(1 —e NydXx;
e t A o IL+¢ils) ° A 0 ’
1

- x[eT — 1= -eD)Xx} + 1 —eT)xo.

Thus
1
TP XF = sl =) = (1= (X ~ x0). (7.15)

By abusing the notation A with the previous subsection, our goal in this subsection is to find a
moving scalarization A; := A(t, X ["(‘) t]) such that the following dynamic problem

A
sup (yl -2t )72) is time consistent. (7.16)
jev@.X?) 2

From the analysis in the previous subsection, this implies that (1, —%)T is parallel ton(z, X/, Y;).

.. . _& _ -1
By (7.11), this implies that — =t = BEXTH Thus, by (7.15),

2 et 1 Ael—t

G XF XS T AT _xr T AKX

This proves (7.5). We remark that, by (7.14) clearly T,* 1 x ; > 0, then it follows from (7.15)
that supy<, <7 [X; — x0] < %eT, a.s.
For the original V, by (7.16) the following dynamic problem is time consistent:
A, X7 ) A, X7 )
sup  ®(t, X[y, ), Wwhere ®(t, X[g . ¥) == y1 + % 12 - %yz.
yeV(,X[)

This is clearly equivalent to the time consistency of the dynamic problem (7.6).
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Finally, plugging (7.15) into the first line of (7.12), we obtain the expression of o™ in (7.7)
immediately. Moreover, by (7.9), (7.5), and (7.15) we have

Tt _
27, = X7)

=10 =X+ X =10+ e X+ L0 — e T + Sr(1— e T,

Vi=0 - S0 = X1 (17! = X7F)?

This proves (7.7), and completes the proof of the theorem. |

8 Further discussions

8.1 The case with nondegenerate terminal

As pointed out in Remark 4.3 (ii), given a general G : R? — Dy', we may define V by (4.11).
This is equivalent to

V(t,x) 1= cl{Y, P05 0 e Ay, ¢ € L2(Ff) st ¢ € GXED), as.). 8.1)
Then we have

Theorem 8.1 Letr Assumption 4.4 (i), (ii) hold, and G is bounded and continuous. Assume the V
defined by (4.11) or (8.1) is in COI’Z([O, T) x R4; D). Then V is the unique classical solution of
the HIB equation (5.3) with terminal condition V (T, x) = G(x).

The proof is essentially the same as in the previous sections, we thus omit it. In particular, when
G(x) € DY and V € C12([0, T] x R?; DI, the proof is actually slightly easier.

8.2 Comparison with Soner-Touzi [27]

In the contexts of stochastic target problem, [27] derived a geometric equation to characterize the
reachable set of the problem. This work is very closely related to our problem. In this subsection we
provide some detailed analyses on the connection and the differences between the two works. We
shall introduce their approach, but in our contexts and using our notations, and all the discussions
are heuristic.

We first note that, the stochastic target problem (4.10) (or the more general one (4.11)) can be
rewritten equivalently as:

V(@) = {(x,y) e R : 3(a, Z) such that Y;’x’y’a’z = g(X;ix’“),a.s.}.

Here (X%® Y©%:@Z) becomes a d 4+ m-dimensional controlled state process with control
(e, Z). It is clear that V and our V are equivalent in the following sense:

V@) = {(x.y):x € R%,y e V(t,x)}, V(1) = {(x.y):x € R?, y e Vi (2, x)};
and V(,x)={y:(x,3) e V(©)}, Vp(t,x)={y:(x,y) € Vu(r)}.

Then G = Gy. Naturally we may define, for some ¢ > 0,

(8.2)

ng(1,X,y) i=ng,(x,y) € R (t.x.y) € Gg:
r@(t’-xuy) = r@/(,)(an)eRa (Zax’y)GOFJ(G@)'
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The work [27] characterized the square of the distance function'’: 5(z, x, y) := %|r§, (t,x,y)|* by
the following PDE: denoting y := (x, y) and noting the time change in [27],

V5Vin(t. §) + V5[ F@. 5. V5n(, 9). Vsgn(. )] = 0. (.5) € Gg.,  where

F(t.$.Ven. Vaon) = inf [bt,x,a-V 1.9) = f(t.9.2.a) - Von(t.
(.9, V50, V5m) @A s Vo ( ) Van(t, 3) — f(t.9.z.a) - Vyn(t, ) )

1 N A N
+§tr (GT(t,x,a)Vxxn(t, y)o(t,x,a) + ZZTnyr](Z, yyo(t,x,z) + ZTVyyn(t, y)z)],
Nt 5. V5) = {(a,z) 0Tt x,a), 2 loT (6, x,a), 2 ]Vn(t, ) = o}.

We remark that (8.3) holds only on G\A,, and thus it is also not a standard PDE.

We first note that V is a function of ¢ only, so it does not invoke the set-valued It6 formula.
While this may seem to be technically easier, the set-valued Itd6 formula has independent interest
and is one of the main contributions of this paper. For example, it provides microstructure of the
flow on the boundary surface, as we see in Theorem 6.1 (ii). More importantly, the roles of x and y
are symmetric in WA’(Z). In many applications, however, the input x and the output y play different
roles: x is the observed state, while the value y (more precisely the set of y) is our objective, so it
is more natural to study V (¢, x).

Technically, the major difference is that, as we see in Example 8.2 below,

rg (. x,y) #ry(,x,y).

In general, recalling (8.2) we have

|rA([,X1y)|2: inf |X—i|2+|y—y|2 = inf inf |x_)'€.|2+|y_)7|2
M (f,f)e‘?b(t)[ ] xeR4 yev,,(t,;c)[ ]

= inf [|x = %2+ ey (. %, 9)?] < ey (@, x, )
xeR4

Example 8.2 Ser d = m = 1 and consider time invariant set values:
Vix)=[x—Lx+1CR, V:={x.y):xeR ye[x—1x+1]} CR%
Clearly Vi (x) = {x — 1,x + 1}. One can easily verify that,

ry(x,y)=y—x+1), foryx=x+1;, and ry(x,y)=x-1)—y, fory=xx-—1;

y—(x+1) x—1)—y
rg(x,y) =———, foryxx+1; and rgx,y)=-—"7-+¥/—", foryx~x—1.
g (x. ) 7 fory g (x. ) 7 fory

We also observe directly from above that, althoughry = rg = 0 on Gy = Gy, their derivatives
are in general not equal. |

Consequently, although both (5.4) and (8.3) characterize the same set Gy = G\A,, the two
equations are different. This is partially explained by the above observation that ry and rg; have
different derivatives on Gy. At below we provide more detailed calculation for the set-valued heat
equation in Example 2.9 (ii), but withd = m = 1.

13The reason to consider the squared function is that, in the degenerate case, r¢, is typically not smooth while |r‘7 |2

v
is. In the nondegenerate case as in this paper, actually one may study re directly.
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Example 8.3 Setd =m =1,b =0,0 = 1, f = 0, and the terminal G(x) = [—¥(x), ¥ (x)],
where ¥ : R — (0, 00) is smooth. Then, similar to Example 2.9 (ii), we have

V(t,x)=[—u(t,x),u( x)], Vp, x)={—u(t, x),u, x)},

where u is the unique classical solution of the heat equation
1
dru + Eaxxu =0, u(T, x)=v(x). (8.4)

We shall prove in Appendix that T := rg; satisfies the following equation:

VT

Vf + = [Vxxr — 2nyrV

V.F
+Vy,F ‘er‘ | =0, onGy. 8.5)
=

In this scalar case, by Remark 5.1 (i) we see that the set-valued HIB equation (5.4) reduces back
to the standard PDE for v(¢, x) = u(¢, x) and v(t, x) = —u(t, x), both of which identify with the
heat equation (8.4). So (5.4) is indeed a natural extension of the HJB equation to the multivariate
case. The equation (8.5), however, is quite different from (8.4). So in this sense, it is more natural
to study (5.4) than to study (8.3).

Another advantage of (5.4) is that, as we saw in Section 7, the normal vector ny (¢, X/, Y;)
provides naturally a moving scalarization for the time inconsistent multivariate optimization prob-
lem. The vector ng; (at certain optimal paths) does not serve for this purpose. In fact, ng € RA+m,
while a moving scalarlzatlon A is by nature m-dimensional.

Finally, we remark that [27, Theorem 2.1] showed that V is the unique classical solution of
(8.3), provided that optimal controls exist, in the same spirit of Theorem 6.1 (ii). We instead proved
the existence and uniqueness under weak conditions in Theorems 5.6 and 6.1 (i).

8.3 Comparison with Ararat-Ma-Wu [1]

Mainly motivated by dynamic set-valued risk measures for multi-asset financial models, [1] studied
the following set-valued BSDE:

T
Y,:E[G(BT)+/ F(s,Bs,Ys)ds\ﬁ,]. (8.6)
t

Here, denoting by [ the space of convex compact sets D € D*, the terminal G : RY — D,
and the driver F : [0, T] x RY x DI — DI (abusing the notation F here). We note that [1]
actually allows G and F to depend on the paths of B. By relying on the sophisticated set-valued
stochastic analysis, especially the Hukuhara difference, [1] established the wellposedness of the
above set-valued BSDE. The general case that F depends on Z, and the martingale representation
with the term Z;d B; seem to be a quite remote goal.

Formally, the set-valued BSDE (8.6) is associated with our set-valued HJB equation (5.3) in the

casexg =0,b=0,0 =1, f = f(t,x,y,a). Then X = B, and we may naturally define
Y, :=V(t. B;). F(t,x,D):={f(t.x,y.a):yeD,ac A}. (8.7)

In the linear case: f = f(t,x,a) and thus F (¢, x) = {f(t, x,a):ac€ A} is independent of D, the
random set-valued process Y; := V (¢, B;) indeed satisfies (8.6) in the sense of [1].
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However, when f depends on y, the Y, F in (8.7) do not satisfy (8.6). That is, (8.6) is not the
stochastic counterpart of (5.3). The reason is the same as in Remark 2.3 (ii). In (4.1), the Y in
the left side and that in the right side of the BSDE are required to be the same process. In (8.6),
however, one allows to consider different selectors for the Y in the left side and that in the right side
of the equation. Consequently, the solutions to (5.3) and to (8.6) are typically not equal. We shall
remark that, the applications mentioned in Introduction typically fall into our framework, although
technically many of them are not covered by the current form of our HIB equation (5.3).

A Some technical proofs

Proof of Proposition 2.5. Again we denote r, n for notational simplicity. We prove it only for
x > xg. Fix x; > xo. Without loss of generality, we assume 6 is absolutely continuous in
X € [xg, x1] with appropriate derivative function 6’, as otherwise the length of 6 would be co. Thus
we have
X
o) =30~ [ 8/
X0

Note that r(x, 6(x)) = 0. Then, for Lebesgue-a.e. x,

0 = ;—xr(x, 6(x)) = Vxr(x,0(x)) — Vyr(x, 6(x)) - 0'(x)
= Vir(x,0(x)) —n(x, 0(x)) - 0"(x),

and thus
£(x) :=0'(x) — Vyrn(x,0(x)) € Ty (x,0(x)).
Therefore,
Lg(xg.x1) = /XI V1+10/(x)]? dx = /XI \/1 + |Virn(x, 0(x)) + §(x)‘2 dx

X1 ) X1 5
= / \/1 + }er(x,e(x))} +[Z(x)|? dx > / \/1 + ‘er(x,ﬁ(x))‘ dx
X0 X0
This implies that

lim
x1dxp X1 — X0

< Tm [/xl \/1+ \vxr(x,wr(x))\zazx—/x1 \/1+ \vxr(x,e(x))\zdx]

T xidxo X1 — Xo 0

S 1 *1 2 2
< xlllfalm P— [/};O |\/1 + ‘er(x,T(x))| — \/1 + |er(x0,y0)‘ | dx

[LT(XO»XI)_LO(XOsxl)]

+/XI }\/1 + !er(x, 9(36))|2 - \/1 + |er(x0,y0)‘2| dx] =0. m

Proof of Lemma 2.7. Recall (2.4) and consider the natural extension n = V,r. By (2.20), (2.18),
and (2.17) we have, fori, j = 1,--- ,d, and (¢, x, y) € Gy,

O, V(t,x,y) = —0y (ijrn)(t,x, y) = —[ax,. (Vx;r)n + Vx_/.raxin](t,x, y)

= —[Vxl.xjr + V7 Vy,yr - n]n(t,x, y) = Vy,rixn(, x,y). (A1)
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Recall (2.4), at (¢, x, y) € O.(Gvy) we have
1

In particular, Vx,yr-n(z, x, y) = 0 for (z,x, y) € Gy. Plugging this into (A.1) we obtain (2.22)
immediately.
Moreover, again considering the extension n* = V,,.r, by (2.17) and (2.7) we have

dxn' = Vyy, ¥ — Vyr(Vy,,r-n), dyn’ = (L, —nn")V,.,r.
Similarly, by (2.4) we have Vy,yr-n = 0, which implies (2.23) immediately. |

Proof of Proposition 4.5. Under Assumption 4.4, clearly V (¢, x) is bounded. Then the compactness
follows from its closeness. To show the convexity, we recall (4.10) and introduce

J(t,x,,0.Z) = E[\Y}’x’y’“’z - g(X%x"")\z] W(t.x.y) = inf J(t.x.y.0. Z). (A2)
a,

It is clear that W > 0. Following [16] we have the duality:
Vi, x) =14y : W, x,y) =0} (A.3)

Then it suffices to show that W is convex in y.'* Indeed, for any y,yeV(@E,x)andy :=0y +
(1—-60)y, 0 € (0,1), by (A.3) we have W(z,x,y) = W(t,x,y) = 0, and then by the convexity of
W we have

0<W(t,x,y) <0W@,x,y)+(1-0)W(, x,y)=0.

Thus by (A.3) again we have y € V (¢, x). That is, V(¢, x) is convex.
We now prove the convexity of W in two steps. Throughout this proof, p denotes a generic
modulus of continuity function which may vary from line to line.

Step 1. In this step we establish the DPP and the desired regularity of W. First, note that
J(t,-,a, Z) is uniformly continuous in (x, y), and thus W is uniformly continuous in (x, y). By
this regularity, it follows from standard arguments to have the DPP for deterministic time:

. txa yix,y.eZ
Wit x,y) = gE[W(z + 8, XI5 Y )]. (A4)
By setting ¢ = ap € A and Z = 0in (A.4), we have,
Wit x,y) < E[W( + 8, X559, 7,754 | (A5)

This implies immediately that W(z, x, y) < limg 10 W(t + 6, x, y). Moreover, for any «, Z, by the
tower properties of SDEs and conditional expectations, it is clear that

J(t.x.y.0.Z) > E[W(z +8, X", Yttfgy’“’z)].

14The convexity of W is a sufficient but not a necessary condition of the convexity of V, since the latter involves only
the zero level set of W.
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Send § — 0 we have J(¢,x,y,a,Z) > mgw W(t + 6,x,y). Then W(t,x,y) > mgw W +
8,x,y). Thus W is right continuous in ¢:

}sifg Wt +6,x,y) =W(t,x,y). (A.6)

We note that, by (A.4), similarly to (A.5) we can show that ﬁgw Wt —-6,x,y) <W(t,x,y).
So W is upper semicontinuous in t. However, in general it is not clear whether or not W is left
continuous in 7.

Step 2. We now prove the convexity of W and we use two distinct approaches: the first one based
on the viscosity solution theory and the second one on probabilistic arguments. Both approaches
have independent interest.

Method 1. By DPP (A.4) and the upper semicontinuity of W in Step 1, it is clear that W is a
viscosity subsolution to the following standard HIB equation with unbounded control z:

0, W(t,x,y) + inf [tr (%8xxWaoT(t,x,a) + %8yszzT + BxyWJ(t,x,a)zT)
@ (A7)
+0xW -b(t,x,a) — o, W - f(t,x,y,z,a)] > 0.

Here, by abusing notations we use 0d¢, dx etc to denote standard partial derivatives. For any
(t,x,y) and any smooth test function ¢ at (¢, x,y), set a := ao for some fixed ap € A and
z := nley,---,e1], where e; := (1,0,--- ,O)T. Then, by sending n — o0, it follows from the
Lipschitz continuity of f in z that

dy,y, @(t,x,y) = 0.

Now fix (¢, x, y) and introduce the function U(§1) := W(t, x, (51, V2, » ¥m) ' ), 1 € R. Then U
is uniformly continuous, and it follows from [28, Proposition 5.10] that U is a viscosity subsolution
of U”(71) > 0. Applying [28, Lemma 5.25], we obtain that U is convex in y1, which implies that
W is convex in y.

Moreover, for any orthogonal matrix Q € R™ ™ introduce W (¢, x,y) := W(t,x, Qy). Itis
clear that W satisfies a PDE similar to (A.7), with a quadratic term %tr (ayy W(QZ)(QZ)T). Then,
by choosing z = nQ~![ey,--- ,e1], one can show as above that W is convex in y;. Now, for any
y.y €eR™and y = 0y + (1 — 6)y, 6 € [0, 1], set O such that 0~1(3 — y) = | — y|ey. Then,
07 'y =0"195-00"1(y—y) = Q7' —0|y — y|e1, namely @ affects only the first component.
Therefore, by the claimed convexity of W, we have

Wit x.y) = W(t.x,07'y) <0W(t.x,.07'y) + (1 —0OW(t.x,07'y)
OW(t, x,y) + (1 = OW(t,x,y)

This is the desired convexity.
Method 2. FixX #ZyeR"and y = 92 + (1 — 8)y for some 6 € (0,1). Forany § > 0, «,

and n, set 7 := I;:§ X = X0Xoe yn .— yOxo.y.enlnnl gnd

n

75 ;:inf{t>0:n-Yt"20'10“7'7}/\8’

5 v (A8)
ZP% =l (@), Y70 = YOy ezt
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By DPP (A.4) we have, for some appropriate modulus of continuity function p,
W(0. %0, v) < E[ W, X5, ;") | < B[ WS, x0.7]"%)] + p(®)
= E[WG. %0, ¥ )L grs + Lgps + Lig=gy]| + p(6). (A.9)
where ET0 = {t§ < S’U‘Yf’jg =7n-y}, ErS = {t§ < S’U'le:’; =n-y}.
Here the second inequality used the regularity of W in x and the following obvious estimate:
E[| X5 — x|?] < C§.
We next prove a crucial estimate:
Y < COtngf). and |f@ XY 20 e < Cne i< qf (AL0)

Indeed, by (A.8) 1 - Y,"’s is bounded. Denote Y% := (- Y"%)y = nyTY™% and AY"S =
Y8 — yn8 Note that nnT Z"% = 2% Then, for0 <1 < Ty,

t t
78 =Ty +/0 ' fds +/0 ;" dBs:
t
AYY = (L =Dy + /0 Uy =10 1) £ (s, X5, Y0 4+ AV, Z00 a)ds.

Since |[Y"%| < C and | Z"%| < n, it follows from the Lipschitz property of f that |AY,"’8| <C(+
nt). This, together with the boundedness of ¥ % again, implies |Y,"’8| <C(+nt) < C(1+nty).
Moreover, by Assumption 4.4 and |Z”’8| < n, we obtain (A.10).

We now estimate the terms in (A.9). We first consider E ;”5. In this case, note that n- (Yfr:? -y) =

0. Moreover, (L —nn (Y —y) = Tm =1 )(y —y) = 1= 0)[y = y|(I —nn")n = 0 and
(In — 10 7)Z}° = 0,0 <1 < <. Then, by (A.10) we have

i
|Yf'f? =yl = |0 - ””T)(Y{? - = ‘/0 (Ln—1n') - fds| < Cnt}. (A.11)
Note further that Zf"s =0, 75 <1 <, then by Assumption 4.4, (4.10) and (A.10) we have
v < C(IY%’BI +1—1]) <C(1+8§+ntf), tf <t<6;

n,s n,s
‘Y8 - Yr(’;

8
5/ | £(s, X5, Y80, a)|ds < C8(1 + nzlh).
‘L'g

This, together with (A.11), implies

75—y < 7 - Y:gfg

+|an§_X| <Cntg + C§, as.on Ef"g. (A.12)
Similarly, we have

Y — | < Cntl +C8, as.on E°. (A.13)
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Plug (A.12), (A.13), and the first estimate of (A.10) into (A.9), we obtain
(A.14)

W(0, x0. y0) =< W(S,XO»X)P(E?’S) + W(S, x0, )P(ELD)
+CE[ntg] + CP(ntg > §) + C(1 + nd)P(z5 = §) + p(3).
Here we used the fact p(ntg') < p(8) + C(l{nrg’ ~§) + nty), by assuming its linear growth.

We next estimate tg'. Note that
g NZT: L&
/OstBszn dB:n, where B; ':ﬁi:ZIB’
(A.15)

t
U'Y;n=7]'y+/ n~fds+n«/gBt=n-y+n\/EB”,
l n n
n.f(t’XlaYt ’Zt,as).

':_n d

t

where Bl := B,—/ 0ids, 6]
0

Y,n 8 for 1 < rg’, by (A.10) 67 is bounded for t < rg. Note further that B is a

Note that Y/
Brownian motion, introduce
dP" = MJdP, M := el dB=3 o167 Pds,

Then B” is a P”-Brownian motion. By the middle line of (A.15) and by rescaling the time for the
(A.16)

Brownian motion it is straightforward to check that
]P)’l
E* [r5] < 3

| o

W

. (A17)

I

Notice again that 6" is bounded for 7 < ', then by standard estimates we have EP” [(M t”n)_“] <
8

(EP" [Tg])?; < ;

C. This, together with (A.16), implies
n 21 _ P na—1,_n\2 P n\—4
E[r}] < E[(c)3] = E¥" [(M2) 7 (e)3] = (EP"[(m2)~])

In particular, this implies
nE[t]] < < P(zf =§6) < lIE[I"] < ¢ and Pt >68) < — (A.18)
N 5 T8 T 3 5 ~ Snz.
(A.19)

Then, by fixing § and sending n — oo in (A.14), we have
W(0, X0, y0) < W(8,x0,y) Tim P(E}®) + W(8,x0,3) Tim P(ES’) + p(5).
=~ n—o00 n—o00

Moreover, note that
T§
9n-1+(1—9)n-7:n-y:n-IE[Yr’%+/O fds]

.cn
8 - 8 5
=n-yP(EP) + - FP(E) )+n-]E[Yt’§11{r§:5}+/0 fds|.
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By the same analysis we have

5
lim 7-E[ Y=g + /0 fds| =o.

n—>0o0

lim [P(E}Y) + P(ES) | = 1.
n—00
Then we must we have
. n,s _ T n,s _ _ —
Jim [P(ET®) = 0] = lim [P(E;®) —(1-6)] = 0.
Plug this into (A.19), we obtain
W(0, xo, yo) < OW(3, x0, y) + (1 = 0)W(8, x0,y) + C8 + p(J)
Now send § — 0, by the right continuity W in ¢ we obtain the desired convexity. |

Proof of Example 4.7. We first prove (4.12). Denote

T T
fila,y):=a1, fala,y):i=az, Y/ = / S o, YY)ds —/ Z2%dB;.
t t
Then one can easily check that

V() ={¥:aeA)={FeR*: || <T -1},

Vp(t) :={FeR*: |§| =T -1} = {(T —l‘)(cos@,sin@)T 10 €0,2m)}. (A.20)

Consider a function ¥ : R? — R? and set
~ ~ ~ T ~
YE =y, Z¢ = [V, V(Y] Z7,
where  ¥1(5) := J1.  ¥2(F) := [1 + |711°] 72
Then one may check straightforwardly that
dypl =dvp = —aldt + ZVdB, = — fi(or Y. Z8)dt + Z3'dBy;
dY[? =2V YRV (L [V PV + [V 200 P 42X 2 22 de
= 2P el [ (T Plad = PPN P 2B 2 2 e
+ [27 T2+ 1 B 200 a,
e Hlt Y Pl
D 2 G ) A S i 0 i LS
L+ Y2 (1+ 771122
= —folas. Y2, Z%)dt + Z**dB,

]d: + Z%24B,

That is, Y satisfies (4.1) for given f. Therefore, V(¢) = {y(7) : # € V(¢)}. Note further that
Y1(J1) = V1, and ¥, is strictly increasing in y,. It is clear that

V(1) = {¥(5) : 7 € Vp(1)}.
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Plug (A.20) into it, we obtain (4.12) immediately.
We next analyze the convexity of V(¢). Assume for simplicity that # = 0. Note that

V(0) = {1y T = 111P). (1. =T = [11P) : il = T:
V() = {(v1.90m). (1. =¢() < 1] < T}, where p(y1) = [1 + 121y T2 = |1
One may compute straightforwardly that:
6|y1]* = 9T?|y1|* +2T* — T2

!’
" (n) = R . il < T
(T2 —1|y1]>)2

Note that

sup [6]y1]* — 9T 2|y ?] =

lyil<T
So when T' < % and thus 27% — T2 < 0, we have ¢”(y1) < 0 for [y1| < T, and in this case
V(0) is indeed convex. However, when T > % we find that ¢”(y;) < O for |y;| ~ T, but
©”’(0) = u > 0, then V(0) is nonconvex. |

Proof of Proposition 4.8. Given the convexity of V (¢, x) in Proposition 4.5, Part (ii) is a direct
consequence of Part (i) and Lemma A.1 below. So we shall only prove (i) here. We remark that
this regularity does not rely on the convexity of V (¢, x). Throughout the proof, p denotes a generic
modulus of continuity function, which may vary from line to line. We proceed in four steps.

Y55 € V(1, x), denote 7 1= Y5

Step 1. We first prove the regularity in x. For any y = €

V (¢, X). By standard SDE and BSDE estimates we have
d(y.V(.5) < |y = 7| = |/ =¥ < p(lx = 7).

Since d is Lipschitz continuous in y with Lipschitz constant y, this clearly implies

supy ey (t,x) d(, V(#, X)) < p(|x —x[). Similarly we have supsevy 5 d(V, V(z, x)) < p(|x —x]).
Then we obtain d(V (¢, x), V (¢, X)) < p(]x — X|).

Step 2. In this step we estimate supjey ;+6.x) 4(7, V(2. x)). For j = Y;:g XY V(4 8, x)
with @ € A;4s, fix some ap € A and consider @ € A; defined by: as(w) := aolf,45)(s) +

s (@' )1 45.77(s) where w/+® 1= wg — w, 15 € Q5. Then y := ¥""% € V(z, x). Note that

t.x.a ~
‘tha |_| t+8Xz+8 O’a_Yt+5xa

1+§ 1+8 1+8 < p(X;75"0 = x).

t+§

Recall (4.1) for Y*:¢ and introduce another BSDE on [z, 1 + §]:

t+6 t+6
tx,o _ yhX,o 1,x, t,x, t,x, t,x, .
Yore =y +/ f(r,er“O,Yrx“,er“,aO)dr—/ ZLx 4B, ;
S

t

t+8
Yy =75+ / fr, X% Y, Z,, ap)dr —/ Z,dB;.
N N
By standard BSDE estimates we get, for possibly different modulus of continuity function p,

> > ~12
ly — 1,2 = |Ytt,x,oe Y2 < E[|Ytt:8a _y} ] SE[PZ(X;féaO —x)] < 0(8),
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Moreover, since the FBSDE system for (X?*40 Y, Z) is Markovian and y € V( + §,x) is
bounded, under Assumption 4.4 one can easily show that (Y, Z) is bounded. This implies that
|Yt — )7‘ < C+/8.Then |y — j| < C+/8 + p(8) < p(8), and thus we can easily get:

sup  d(F,V(1,x)) < p(s). (A21)
yeV(+4,x)
Step 3. To see the opposite direction, we first show that d(g(x), V(T — §,x)) < p(8). Given
arbitrary y = YTT__S‘s’x’“ € V(T —8§,x) witha € Ap_g. Denote 9% := T 5% forg := X, Y, Z.
Under Assumption 4.4, by standard SDE and BSDE estimates we have

T
E[|X% — x[?] < C8. ]E[ sup |Y;1|2+/ |zg‘|2ds] <cC.
T—-§<s<T T-§

Then, for a generic modulus of continuity function p,

T
y =gl = [BLeXH) + [ X8V 28 0ds - ()]

T
<B[p(XF —x) +C [ 1141771+ |Z2as]

< p(8) + C(IE[S /TT_S[I YR+ |zg|2]ds])5 < p(8) + C V5 < p(5).

This implies that d(g(x), V(T — 4, x)) < p(d).

Step 4. We now show that supycy ) d(y, V( + 8,x)) < p(8). This, together with the
estimate in Step 2, implies the desired regularity in ¢. Fix y = Ytt’x’a e V(t,x) for some a € A;.
As in Step 3 we denote % := ¢"** for ¢ = X,Y, Z. Abusing the notation (Y, Z) with Step 2,
we consider the following BSDE on [¢, T — §]:

T-6 T-6
Vs = g(X%_y) +/ fr X% Y, Zy ap)dr —/ Z,dB,. (A22)
t t

Note that (Y¥, Z%) satisfies the BSDE on [t, T — 4] with terminal condition Y7_,. One can easily
see that, as in (4.17) with deterministic t, YY‘i‘_S e V(T — 4, X%_(g). Then, by Step 3, |Y7‘i‘_8 —
g(X7_ 8)} < p(8). Then, by comparing the two BSDEs, we obtain immediately that

Ve =yl = ¥e = Y| < p(8).
We next introduce another shifted FBSDE, still on [¢, T — §]:

S N
X :=x+/ b(r+8,)?r,ar)dr+/ o(r +8,X,,ar)dBy;
t t (A.23)

T—6 T-6
YS = g(X%_S) +/ f(r + S,X;.x, Yr,Zr,ar)dr _/ ZrdBr.
N r

By the continuity of b, 0, f int, it is clear that |Y; — ¥;| < p(§).
Finally, note that « € +A; means that g = ¢(s, B[tt s]), s € [t,T], for some appropriate

(deterministic) mapping ¢. Introduce &s := ¢(s — 6, B[tti‘g&s]), s € [t +6,T]. Ttis clear that
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(as, B )se[,+3 7] has the same distribution as (ozs, B! s)selr,T—§)- Then, compare (A.23) with
the FBSDE for (X%, Y% Z%), we see that (X% s YXZy )se[t+6,7] has the same distribution as
(Xs. Y. Z s)se[r, T—§]- In particular, this means that Y%, ; = ¥;. Therefore,

}y—Yfng’ = ‘y_yt} = |y—17t‘ + ‘?t—Yt} < p(6).

Since & € A, s, this implies that d(y, V(¢ + 8, x)) < p(§), and the proof is complete. |

Lemma A.1 Assume D and D are compact and convex. Then

d(Dp.Dp) =dD.D), and sup |rp(y) —rp(y)| < 3d([D.D). (A.24)
yeRWl

Proof (i) The result 4(D;, Dp) = d(ID, D) is not new, see e.g. [29]. However, for the convenience
of the readers, we present here an elementary proof in two steps.
Step 1. In this step we show that sup,cp d(y,D) < d(Dp,Dp). Then similarly we have

SUPjep d(j}ﬂ, D) < d(Dp,Dp) and thus d(]]~]), D) < d(Dp,Dp). Note that the inequality is trivial
when D C D, thus at below we assume D\ID # @, and then,

supd(y.D) = sup d(y.D)= sup d(y,Dp).
yeD yeD\D yeD\D

For each y € D\D, by compactness and convexity of D, there exists unique j € I, such that
d(y,Dp) = |y — 7|. Note that, by convexity of D, in this case hyperplane tangent to y — y at y is
a supporting hyperplane for D. Since y € D, there exists y € Dp such that y — y = c¢(y — y) for
some ¢ > 1. By the convexity of D, we see that |7 — 7| = d(7,Dp). Then, for any y € D\D,

d(y,D) =y — | < |7 — 7| = d(7,Dp) < d(Dp,Dp).

This implies the desired estimate: supy,ep d(y, D) < d(Dy, Dp).

Step 2. In this step we prove the opposite direction: d(y, D) < d(D, ]D)) forall y € Dp. If
y ¢ D, then clearly d(y,Dp) = d(y,D) < d(D,D). So we assume y € D. Since y € Dy, let
n denote a unit outward vector corresponding to a supporting hyperplane of D at y. Since y € D,
there exists y € Dy, such that y —y = cn for some ¢ > 0. By the definition of 7, this implies that
d(7,D) = |7 — y|. On the other hand, since j € Dy, by definition d(y,Dp) < |y — j|. So

d(y,Dp) < |7 —y| =d(7.D) <d([D,D), VyeDy.

Similarly we have d(7, D) < d(D, D) for all 7 € Dp. Thus d(Dp, Dp) < d(D, D).
(i) We now estimate rp — rp. Since D and D are symmetric, it suffices to prove the following
estimate and we proceed in four cases:

r5(y) —rp(y) < 3d(D.D). (A.25)

Case 1. y € D\D. Then rp () <0 <rp(y), and (4.14) is obvious.

Case 2. y ¢ D UD. Then rp(y) —rp(y) = d(y,Dp) — d(y,Dp). By the compactness there
exists y’ € Dy, such that rp(y) = d(y,Dp) = |y — y’|. Then,

rp(7) = d(y, V) < |y —y'| +d(y',Dp) < rp(y) + dDp,Dp) = rp(y) + d(D, D).
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Case 3. y € DND. Then rp (V) —rp(y) = d(y,Dp) —d(y, D) , and (4.14) can be estimated
similarly as in Case 2. 3
Case 4. y € D\D. Then rj (y) — rp(y) = d(y,Dp) + d(y,Dp). First,

d(y,Dp) = d(y.D) < d(D,D),

where the first equality is due to the fact that y ¢ D and the inequality is due to the fact that y € D.
Next, it is obvious that

d(y,Dp) < d(y,Dp) + d(Dp,Dp) < 2d(D,D).

Put together with obtain (4.14). |

We note that the first equality in (A.24) fails in general when ID or D is not convex. At below
we present a simple example where limg—o d(D,D¢) = 0 < 1 = lim;—0 d(Dp, Dy).

Example A.2 Fore > 0, setD :={y e R? : |y| < 1} and
D? := {r(cosf,sinf) eR? : 0<r <1, e<6<2mr—¢}CD.
One can easily see that d(D, D?) = d((l,O),Iﬁ)i) — 0, and d(]D)b,]fDZ) =d((0,0),Dp)=1. N
Proof of Lemma 5.5. Denote
15 = inf{r > 0: |r(z, X7, Y¥)| > §} A T,

and consider the linear BSDE with solution pair («, 8):
To
Kt = lzg<rpy — BsdBs, 0=t =Ty,
t

wherex e R, 8 € R4 Itis clear that k| <1, B =0fortsg <t < Tp,and fo BsdBs is an BMO
martingale. Thus,

To
IE[exp (c()/ |,8,|2dt)] < Cp < 00, forsome cg, Cp > 0.
0
For n > 1, we truncate 8 by n and denote it as 8”. Define

t
K} =Ko +/ By dBs.
0

Then it is obvious that, for any p > 1,

N =

E[ sup [k}|P] <Cp <oo;andcy := (IE[ sup |7 —Kt|p]) — 0, asn — 0o. (A.26)
0<t<To 0<t<Tp

Introduce two random fields v (¢, w, y) and p" (f, w, y):

m 1
vij(t.y) = _Z/o Vo, S1OXTYE ZE + 0yBl o) yed:
k=1
1 ) T
) = = [ [Ty e )]

(1. X7 YX+ 0kl y, Z8 + yBY + OV (2. y), o) dO;
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where V" = [Vinjllfiﬁm,lﬁjﬁd e Rmxd pn — [0} ]1<i<m € R™. One can easily verify that

vn(tv y):B;l = f(t’Xa? Y[a»Z;x»at) - f(t’Xav Yta’Z?l + yﬁ;”at);
kip"(t,y) = f(t. X7 YF ZF 4+ yBY . ay)
—f, X2 Y2+ iy, ZF + yBY + kvt y), o).

Moreover, by Assumption 4.4 (ii) we have

W (, y)| < Clyl, " (t, y)| < Clyls
W, y) —v" (1, )| < Ca[1 + |¥l]ly = FI. (A.27)
10"t y) — "t )| < Cu[1 + [y| + &+ 6Py ]y — 5.

Next, consider the following SDE:

t t
i = Ay O30 7030, Y9 + [ ads + [ o saBy,
0 0

where A > 0 is a small number which will be determined later. By the standard stopping arguments
for stochastic Lipschitz continuous coefficients, and by the uniform linear growth in the first line of
(A.27), the above SDE is wellposed, and for any p > 1,

E[ sup Ini’l”]fcplklp, (A.28)
0<t<To

where C,, does not depend on 7.
Denote

Y=Y i, 20 = Z kM 4t BT

Then by the standard It6 formula we have

T5 - - L2
P =Y 4 +/ F(s, X9, T2 70 ag)ds —/ ZndB,.
t t
Moreover, introduce the BSDE

" Ts n n 75 n

By (A.26), (A.28), and noting that |k5| < 1, it follows from standard BSDE estimates that

R 3 2
1Yy — Y()n|2 = CE[‘K%U’;&‘ [1{|K¥3_"f5|>1} * 1{“’?3'2%}]]

2 1 |A[*
< CE[[ki s [Pl kol + oI Pl l*] < €t + €5
Thus
on N |)L|2
Yy -Y§l<C| cg+T]. (A.29)
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Note that

Yo =Yg —{—K%r}%l{

s <2, n%s <8}
On {[iy] < 2.1, ] < 53¢, we have ¥/} = Y& € V(15 X%). On {Ji] <2.|77%] < 3}, noting
again that Y7 € V(z5, X7,), we have ry (ts, Xz;, Y7;) = —d and k7 n7,| < &, then ft’(’s =Yg +
K%f}% € V(r(g,X%). So in both cases ?T’; € V(zg, X%). Then by DPP (4.16) we have ?6’ €
V (0, x¢). Thus, by (A.29),
V1 Y40 1 n |A|2
rv (0. x0,YJ) < |Y§ = Y§I < C[/ch + T]'

On the other hand, note that YO" = Y + koAny (0, xo, (0, X9, Y')), for koA small we have
ry (0, x0, Y) = ry (0, x0, Y&) + koA.

Thus
A2

koA = ry (0, xo, I?61) —ry(0,x0, ¥y) < C[ ¢ + T] Te

Send n — oo and set A := +/&6, we obtain (5.6):
A e B
P To)=ko<C—-+—-=0C,/-.
(ts < To) = ko < 5T \/;

Finally, if Y € Vp(0, xo), then ¢ = 0. We see that P(zs < Tp) = 0 forall § > 0 and all
To < T. This implies immediately that Y* € Vp(¢, X7), 0 <t < T, a.s. Moreover, note that
Y7 = g(X7)and V(T,x) = {g(x)}, we have Y € Vu(T, X7) as well. |

Proof of Example 6.4. As usual we drop the subscript y in r and n.
(1) We first show that V € COI’Z([O, T) x R; 5022). Fix § > 0 and denote T5 := T — §. By
Example 2.9 we have, with u(¢,x) = T —t > § there for ¢ € [0, Ts],
r(t,x,y) =y —w@,x)| = (T —1).
Then it is clear that V € C 1'2(]0, Ts] x R; c7)22). By (2.25), for |y — w(¢,x)| = T —t, we have

n= );,__L:, 9, V=[Viw-n—1]n; 08,V =[V,w-n|n;

1 1
d,n = ﬁ[ —Viw+ [n-Vywn], dyn= ﬁ[szz - nnT];
1
9. V = —ﬁ[[|vxw|2 — Vw4 |[Vew - n2]n + [Vew - n[Vew — (Vew - n)n]].
In particular, cr,, = % in (5.5), and thus V € COI’Z([O, T)xR; 1)22).
(i1) We next verify the conditions in Theorem 6.1 (ii). Forany a € A and ¢ € Ty (t, x, y), by

(5.2) we have: at (¢, x, y) € Gy,

1 1
B (1., 3. 05V, 032 V.. ) = S02xV = [g - 9yn + §§T8yn§]n

_ _Z(T;_l)[[wxwﬁ — Vexw -0+ [Vew - n2]n + [Vew - n][Vew — (Vew -n)n]]
[t Ve + i
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Thus

n-hy(t,x,9,0,V,0:V,a,0) =n-hd v x,y,0xV,0xxV,a,l) +n- [£O(t, x) + a]
1
:—m[lva)|2—vxxwn+|van|2—2§wa+|§|i|+n[f0+a:|

1
= —m[w—vxwf — Vxxw-n+ |wa-n|2] +n-[f°+a].

Recall |a| < 1, then clearly the optimal arguments are:
*= 1Vt x.y) :=n(.x.y), *=1L (txy):=Vyw—[Vew-nn
Together with (6.1), this implies further that

iy .= —[atv+h2y(-,a V. 95y V, 1§’,1§’)+f0+1§’]

- [Vow- n—l]n—i—T;[ §Vw+—|§|] _[f0 4]
1

Jr2(T——t)[[|vxw|2 — Vaxw -0+ [Vyw -0 ]n + [Vew - n][Viw — (Vaw - n)n]];

Y= —f%4 - fOn+ ﬁ[vxw-n][vxw — (Vxw -m)n].

Plug I, v WA v A Y into (6.2), clearly the resulted SDE is wellposed.

Proof of Example 8.3. We now compute the equation (8.3) in this case. First,

N(t,x,y,Vxn, Vyn) = {(a,z) : [l,z]T[Vxn +2zVyn] = 0}
) Vit(t, x,y)
= (a,z):z=~- =\ —=——)-
{ V)~ {(o ety
Then, recalling n = %|?|2,
1 Vir
F = [Vxxn Vo= +V yn\ A\ ](f X, )
2 v,r
Il « ~
= E[rvxxr—i— |V E|2 — 2[FVy yT + V4TV r]— + [FV,,T + |V, 1] ]} | ](t X,¥)

1. VT
= Er[Vxxr—2nyrV +Vyyr‘ A‘ ](Z X, ¥).

Note further that ¥ = 0 on Gy. Then, for (¢, x, y) € Gy, we have

1 Vir

VxF = var[vxxr—Znyrv +Vyyr‘ A} ](t,x,y);
1 N Vi1

V,F = Evyr[vxxr 2nyrv +Vyyr\ A\ ](t X, ).

On the other hand, note that V,n = ¥V,T. Then, again at (¢, x, y) € Gy,
vatn = fovtf, Vthr) = Vyi:vtf
Plug these into (8.3), we obtain (8.5) immediately. |

55



References

[1]

(2]

(3]

[4]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Cagin Ararat, Jin Ma, and Wenyuan Wu. Set-valued backward stochastic differential equa-
tions. The Annals of Applied Probability, 33(5):3418-3448, 2023.

Jean-Pierre Aubin and Giuseppe Da Prato. The viability theorem for stochastic differential
inclusions. Stochastic Analysis and Applications, 16(1):1-15, 1998.

Jean-Pierre Aubin and Hélene Frankowska. Set-Valued Analysis. Modern Birkhiuser Classics.
Birkhéduser Boston, Boston, MA, 2009.

Guy Barles, Halil Mete Soner, and Panagiotis E. Souganidis. Front propagation and phase
field theory. SIAM Journal on Control and Optimization, 31(2):439-469, 1993.

Bruno Bouchard and Nizar Touzi. Explicit solution of the multivariate super-replication prob-
lem under transaction costs. The Annals of Applied Probability, 10(3):685-708, 2000.

Piermarco Cannarsa and Carlo Sinestrari. Semiconcave Functions, Hamilton-Jacobi Equa-
tions, and Optimal Control, volume 58 of Progress in Nonlinear Differential Equations and
their Applications. Birkhduser Boston, Boston, MA, 2004.

Yun-Gang Chen, Yoshikazu Giga, and Shun’ichi Goto. Uniqueness and existence of viscosity
solutions of generalized mean curvature flow equations. Journal of Differential Geometry,
33(3):749-786, 1991.

Lawrence C. Evans and Joel Spruck. Motion of level sets by mean curvature. 1. Journal of
Differential Geometry, 33(3):635-681, 1991.

Zachary Feinstein and Birgit Rudloff. Multi-portfolio time consistency for set-valued convex
and coherent risk measures. Finance and Stochastics, 19(1):67-107, 2015.

Zachary Feinstein and Birgit Rudloff. Time consistency for scalar multivariate risk measures.
Statistics & Risk Modeling, 38(3-4):71-90, 2021.

Zachary Feinstein, Birgit Rudloff, and Jianfeng Zhang. Dynamic set values for nonzero-sum
games with multiple equilibria. Mathematics of Operations Research, 47(1):616-642, 2022.

Yoshikazu Giga. Surface Evolution Equations: A Level Set Approach, volume 99 of Mono-
graphs in Mathematics. Birkhiduser Basel, Basel, 2006.

William B. Gordon. On the diffeomorphisms of euclidean space. The American Mathematical
Monthly, 79(7):755-759, 1972.

Melih Iseri and Jianfeng Zhang. Set values for mean field games. Transactions of the American
Mathematical Society, 377(10):7117-7174, 2024.

Yuri Kabanov. Hedging and liquidation under transaction costs in currency markets. Finance
and Stochastics, 3(2):237-248, 1999.

Chandrasekhar Karnam, Jin Ma, and Jianfeng Zhang. Dynamic approaches for some time
inconsistent optimization problems. The Annals of Applied Probability, 27(6):3435-34717,
2017.

56



[17] Michal Kisielewicz. Stochastic differential inclusions and applications, volume 80 of Springer
Optim. Appl. Springer, New York, 2013.

[18] Michal Kisielewicz. Set-valued stochastic integrals and applications, volume 157 of Springer
Optim. Appl. Springer, Cham, 2020.

[19] Steven G. Krantz and Harold R. Parks. Distance to C¥ hypersurfaces. Journal of Differential
Equations, 40(1):116-120, 1981.

[20] Hiroshi Kunita. Stochastic differential equations and stochastic flows of diffeomorphisms.
In Ecole d’Eté de Probabilités de Saint-Flour XII — 1982, volume 1097 of Lecture Notes in
Mathematics, pages 143-303. Springer, Berlin, Heidelberg, 1984.

[21] J. L. Pedersen and G. Peskir. Optimal mean-variance portfolio selection. Mathematics and
Financial Economics, 11(2):137-160, 2017.

[22] James A. Sethian. Curvature and the evolution of fronts. Communications in Mathematical
Physics, 101(4):487-499, 1985.

[23] Halil Mete Soner. Motion of a set by the curvature of its boundary. Journal of Differential
Equations, 101(2):313-372, 1993.

[24] Halil Mete Soner and Nizar Touzi. Dynamic programming for stochastic target problems and
geometric flows. Journal of the European Mathematical Society, 4(3):201-236, 2002.

[25] Halil Mete Soner and Nizar Touzi. A stochastic representation for the level set equations.
Communications in Partial Differential Equations, 27(9-10):2031-2053, 2002.

[26] Halil Mete Soner and Nizar Touzi. Stochastic target problems, dynamic programming, and
viscosity solutions. SIAM Journal on Control and Optimization, 41(2):404—424, 2002.

[27] Halil Mete Soner and Nizar Touzi. A stochastic representation for mean curvature type geo-
metric flows. The Annals of Probability, 31(3):1145-1165, 2003.

[28] Nizar Touzi. Stochastic Control, and Applications to Finance. Lecture notes at Ecole Poly-
technique. 2018.

[29] M. D. Wills. Hausdorff Distance and Convex Sets. Journal of Convex Analysis, 14(1):1-6,
2007.

[30] Jianfeng Zhang. Backward Stochastic Differential Equations: From Linear to Fully Nonlinear
Theory, volume 86 of Probability Theory and Stochastic Modelling. Springer, New York,
2017.

57



	1 Introduction
	2 Intrinsic derivatives of set-valued functions
	2.1 Some basic materials
	2.2 Set-valued functions
	2.3 Intrinsic derivatives of set-valued functions

	3 The set-valued Itô formula
	4 A multivariate control problem
	4.1 Some basic properties
	4.2 The dynamic programming principle (DPP)

	5 Set-valued HJB equations
	6 The uniqueness of the classical solution
	7 An application: the moving scalarization
	7.1 The linear scalarization
	7.2 The mean variance problem

	8 Further discussions
	8.1 The case with nondegenerate terminal
	8.2 Comparison with Soner-Touzi ST2003
	8.3 Comparison with Ararat-Ma-Wu AMW

	A Some technical proofs

