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g'l;q-te, g ,odce \/atue g,:ace

V(t,x)
&

Uit + H- 9y, 9v) (tx) = O

ﬂ_g/g{;\\/‘t/)(,j) + H( * ) va, 9xx\/, Ny, Dxnv,%nv)(t,x,}FO

\V\; X
Vt.x)
N

@v—; {(t,x,y) :Jé‘\/‘,(t,x)}




Sfocl'lastic Contr‘oL Roblem

JX{=th1X:"<t)J£ +o’(t,)(¢‘,4.)e‘3, T

H (t/ X,Z, X) = Svf;/iﬂe g zb + _gt-hv(ra:ri) +f(-/26', a)z(-t,x)

H(’c,x,z,z’,fl,k SN =

cup ng ,L'l’ 2b +%'bl’(0'o'TX)'-;t‘tr’<€ fTN + 2€Tl<)/L+f(.,zr+ f a) (f,x,;)



H’OFOSL‘“OO :? Iﬂas bouno’&o’,l_,i’:scl)itz a’erivo('lzive =y \\/(‘L’,X) Is convex

¥ @uaolr’m‘,ic gr@w'tl‘ on z / Deterministic setti,g/ }&eLJs nen-convex QXamPLe.

~ 79("00{
t+§

DUOI,, pefrcsen'l:a{'ion :
\\/(‘bx) = {j,épm= Wlf,xl})=oz w"\er'e

W) - ;1@2@ 'ED%‘Q 28, - s(xi"“)ll]

amic 'rogramming [rinci le ~ Eq
Djﬁ P J }p P - )\'/A,f,\‘ eru’.an’tics o? €
/":—\ A
W(t,x,y) < W(t+£,x,}1)'iP(’r€E4) +W(t+£,x,31)”')(T"eE1) + w($)
—-_——

r'ygl\f - continvovs [15] KARNAM, C.; MA, J.; ZHANG, J. (2017). Dynamic Approaches for Some Time Inconsistent

Optimization Problems. Annals of Applied Probability, 27, 3435-3477. 5
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Mean—\/aﬂiance

sop ELXCT - 2 (ELDG1T - DT = sur, €(8)

Mo T, 2 s ,
Voo Xo - SZAB, Y - IXel (2B, €lsusa) = - 2y 1977,

N\oving Scalarization W(}) =\-y

/—\> Nl o}yiimaz/ n

Vi
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o V.
X
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i /t «X“ «Yt
< SUP\/ 'n(t;Xt/yf )
o

[9] FEINSTEIN, Z.; RUDLOFF, B. (2022). Time consistency for scalar multivariate risk measures.
Statistics & Risk Modeling, 38, 71-90.
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c )Rm
J ¢ CLOSQO‘ ’ smooth bovnalaﬂi
Vx: R —
° \/b(X) is the Lounolaz;l oﬁ V(x)

‘ gvé {(x/i) P X € RJ , jGM(x)? ‘Gruph of V'

m
. n\v(x,;[) : 9\/ ">,R is the ovtward unit novmal vector.



'ntﬂinsic Der'ivq‘t‘iv& ¥(x,j) : g\\/ -

Defn

Ex

0 L) Lim 2000V - Ple)

>0 €

DX” PLa%S a role in Ltb's {,emmal.

DXV(X:;L) = Dx(;[/)

o V1) 2 % (Y )

rjelx,}) = j:_l




:F/un cla menta L Theorem

//
X \
\

\/b (x) =V (x) +§x DV (5, Mz) d7

Wi § V0 Vg eMiaf whee V%0 - s 1Y
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‘/MU [‘bi varvate Con'l:r“o [ Pro blem

I_D'namics
Inamics)
1€x¢><
'tX‘< -t X
5 = X + 1) X, olr'+§0" o<,a B,.,
r\’/al,ug

y'“‘ ()2 + H KOV el fz"“"JB

ge% \/a ve : \/ £, x) %Vf’x’“ Vo €ozé:{

ln one oldmehsion | ,n Lijl»er' o(imensions

n Uﬂ"'ﬂ‘\
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Djnamic Pfug#ammin} Princu’,_:_L_c_. (‘T’ime—consis‘tcnc})

\/(o,xo):%\/on,cb;« : vo(é“Jé | ¢e\/(_|7>,>(1‘—:)}

\\/(O,Xo)




O

T T {
’% C B Sﬂ“}; n }:Q\/Jrgr—gxx\\ﬁrl( +£:{(f,x,j,a)

V(f,x,y,) éfg/v and V(T x) = 5(x)

Main ’_l’leoim '_‘. v “:,

(L) Suf?ose \\/é Ctl-ﬂen \\/ is q cLass'uco'L SoLu-l:ion o? ﬁTg

(it) guﬂoose V< C4'1 is a cLassicaL solvtion o HTB. T hen \\/= U .

() Forthermore ) ie there exists o7>timaL arjuments T* and ﬁ*, then

jQON 0!0} }é%(t,x), J ofﬂmo\[, o* . jz %t,x,x* ano{ X-t,x,o(*é\%(s’)(:)
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Movini Scalavization: gi.van A, choose yf‘ SoLvin} 5;7’ }\'j/- Bj« vewi?ﬂcdfio")

construct o%, X, Y and since Y, €V, (441, «* is optimal for nlt, X3, %),
M@aﬂ-\/ar’}omce : |n+~oa'uce W(%'%’-)’ ('4'4) gz'%z) anal \‘\V/(‘tlx)‘= {W:ﬁ) V}ev(“’/x)]

ﬂen jés‘{))/Pt,x)le %) = G\V(t) };(, A'y, whic L is Lmecuvl Tl\en olétnamuc mean- var'ian ce.

\/‘t = QSSO(SUP {E[ X‘: 'E] - /\(fi'lxro’ﬂ) \/ar’(X‘r'( '(‘F;)} Is time- consistent.
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¢Sei' \/alues & ge-l: ﬁam:[-tonian GF—%

e g (XT) fL )i - (7 18,

L\i(fx Z, d ﬁ(txa +ZL(+xa

QLOLQL £0CGL
(T‘(‘L’,X, z\() 2 Ti (‘L’,X, (2-‘;/ “i)) l':(tlxlzla) 2 lji(‘tﬂ(/Z,(a‘.‘.,o!i))

\\/ t, X) gT(t,x &* \V/o(*é E(t- x) ? ”—’(t,x,z): g; (f,x,z, &‘*) - VY a*c E(t,x,z)}

. Assvmr-l: ioN : "—I (4, x2) non—empt}g continvovs
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ge_femloal,if

exn LS - Se r’a'ol«e : (f,x,Z) =cl i H (tnz) : Va where H“ measvrable in (t,x), L - Lioschitz in z.
-D-—3Q "'( L pe H { n } P

"] heorem \/(f/ X) = CL{ yhf : T € 7,‘;

5 T T |
%i,x,_ﬂﬂ 3}( ><-|f—/>‘) . [ HI'i(’“,X.t‘X,Zt’Y’I’l)Jr _S: zi,,,—f,. 8.

I T(4,x.)
Ho(g,x,2) = H ™ " (4.xe,2)

CoroLLar% game can be embedded into a control Pr’auem,
Wher’& dctions select w;lich e?uiLiLrtum to -Po”;ou/.
¥(t/x/z/ a) = Hq(t: Y/z)

[6] B. Qiao and J. Zhang, Set Values of Dynamic Nonzero Sum Games and Set-Valued Hamiltoni-
ans, SIAM Journal on Control and Optimization, 64(1), 316-334, 2026. https://doi.org/
10.1137/24M1685833
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PDE SUP Sup ﬂT]:D{\\/(') + "1(',9,‘\\/,0\)+jl—’cﬂ(9,,\/)—)(f(.)J(tx’j):O

aT4-0 acf(,av+S)

Theoren

(0) Suppose VEC™ Then V is o clussical soltion o PDE

(W) gumao.se ) € C'"* and is a classical solvtion to PDET‘«M V=V.

(i) Tur’thmaﬂe, i? there exists I*(t,x,}) € (C,( , KV i*) an optimal argument,

then ¥ =T*eX, L") is an e quibbrivm  and VAl A VATS A%
l 13
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V(x) = at) +D Vi = Blaw,Rix)

DX\\/(X,;L) =nnT YV, ax) WY =nn" V,a +n ViR

Example 3

\A(x) = {[1-*)(&05 (1« +m9)] (cos @,sin0) :\V/QY

— continvovs

— NOT Di:PAPeren-l:i able

— nV iIs Not continvous
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forvh‘biOI\ o

(4,%) l({
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o’%:'th,X:, ﬁx:.«t)fh +dB, T ,,“C -’—L[t,)(:‘:, ﬂX:,if)Jt + dB,




J{/{ean = {i QLJ _gamg_s_

Ve -0, vabuee forall e meen-fed eputbec § < R1-R

o Convar ence o N'}'.)quu’ set VaLue to maan-?.‘il_o—l

'm " 'y =\ (, wLe/\ V-
r[\/] \\/(*/) \/f/‘) ) )

>0

o Dynamic P{"ogr'amminj/ PﬂincirLc,

\/("574) = iau, mean-fieu eTm'L'Ln'q O(* w/ ‘Lar’minaL (‘ra, ¢) wLuc ¢6V(—"°,/‘135)z

/‘\ ol
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g;eome{'m' C PI"OPer"i:ieS

’ﬂ\e,or'em \\/(t,x) s d coquct, conveX Set.

SLMPL& 84“4 : N=l, A’[ofﬂ, l)sO ,3;0 , ?o(a'.q") = ((1’4(“'.-’) +a* a‘)

"H('tlxlz) "'""’ '—’5 l\(d*) :Va'e E} = BLU/M%.)

Vi - el iEH:HIJs] =\/Ie7t}

De'l:er’ministic : bla'at) = (a*(242-4),0) J(a*,.z) , 4(x,x*) = (o, Ix'l*)

Jalw) J«T(TT'
/\/\

not canvex./

tx(

s = X + (L(x )alﬂ , T(t,x,x)= j,(X:x'“) *’.(:rjq(“ﬂ)d"

T (tx) = f« @t A)de, T e = (X ): (’” +T4(’0X'°‘))1
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